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Learning Objectives in Ch.9

 identify and discuss the features of external flow.

 explain the fundamental characteristics of a boundary layer, 

including laminar, transitional, and turbulent regimes

 calculate boundary layer parameters for flow past a flat plate.

 provide a description of boundary layer separation.

 calculate the lift and drag forces for various objects.
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Continuum Mechanics

(Fluid flow)
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Laminar & Turbulent flow in internal viscous flow: Ch.8

Laminar & Turbulent flow in external viscous flow: Ch.9
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Internal flow(Pipe flow) can roughly be divided into two flows:
The transition between the two is when the Reynolds number is approximately 2,100.

Laminar flow  → Hagen-Poiseuille flow 

Turbulent flow→ Darcy-Weisbach→Moody diagram(∆p계산)
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9.1 General External Flow 

Characteristics(외부유동 특성)
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9.1 General External Flow Characteristics
외부유동(External flow)이란?

물체가 완전히 유체에 의해 둘러싸져 있는 유동(한쪽 경계가 없는 유동)

예: 단일 유체: 공기(자동차, 비행기 등)→공기역학(Aerodynamic) 

이유체(Two fluids): 공기 및 물 (배, 해양 플랜트 구조물) →Froude number

일부분만 유체에 잠긴 경우: 빌딩, 해저 구조물 등

외부유동(External flow)의 특징 및 주요 변수

경계층(Boundary layer) 형성: 물체 주변에 속도구배를 형성하는 층 (전단력 발생)

Drag and Lifting forces 형성: 속도구배에 의한 벽면 전단력(τw)에 기인(τw의적분값)

• 항력(Drag force)   : 벽면 전단응력(τw)의 적분값 (표면(마찰)항력+형상항력)

• 양력(Lifting force): 물체 형상의 비대칭성에 의해 발생하는 양력(압력분포 불균일)
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9.1 General External Flow Characteristics
외부유동(External flow)의 분류 및 좌표축 설정

(a) two-dimensional      (b) axisymmetric             (c) three-dimensional

접근 속도 U : 정상, 균일 유동으로 가정

물체 형상에 따른 분류

• 유선형 물체(streamlined body): 물체 형상과 예상되는 유선이 일치하는 물체

• 비유선형 물체(blunt body): 물체 형상과 유선이 일치하지 않는 물체

Fluid Engineering Lab., Jeonbuk National University

9.1.1 Lift and Drag Concepts
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항력(drag force)과 양력(lifting force)의 발생

물체주변(경계층) 유동 특성: 

1) 물체 주변 속도 경계층 형성: 물체 표면에 벽면전단응력(τw) 발생 → 마찰항력 발생

2) 물체 형상에 따른 전후 압력차 발생 → 형상 항력 발생

3) 물체 형상에 따른 물체 주변 속도변화 → 압력변화에 의한 양력 발생
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Example

GIVEN: Air at standard conditions flows past a flat plate as is indicated in Fig. E9.1. In case (a)

the plate is parallel to the upstream flow, and in case (b) it is perpendicular to the upstream

flow. The pressure and shear stress distributions on the surface are as indicated (obtained either

by experiment or theory).

Example 9.1  Drag from Pressure and Shear Stress Distributions

SOLUTION

FIND: Determine the lift and drag on the plate.

2

front back

0.6
2 2

front back 0.6

0

2 / ( 43) / (3 )

280.

6 1

5

3
4

w w

y

L dA dA

D pdA pdA N m N m m dy

N

y

 



  

 
   

 
   

 



 

 

  

top bot

3

tom

1.2
2

top 2bottom top 1/0

0

2 2 / (3 ) 0.7
59 10

7
m

w w w
x

L pdA pdA

D dA dA dA N m m dx N
x

 




   

 
     

 



 

   

(a) With the plate parallel 

to the upstream flow

(b) the plate perpendicular to the upstream flow

어떻게 구한 것이지?

(경계층 이론으로부터…..)

(압력항력)

(마찰항력)
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9.1.1 Lift and Drag Concepts
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항력계수(drag coefficient, CD) 와 양력계수(lifting coefficient, CL )
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여기서 A는 frontal area(투영면적, 정면도 면적)임에 유의

항력 및 양력계산에서 어려운 점은 압력 분포와 전단응력 분포를 얻는 것

따라서 보다 쉬운 항력 및 양력계수를 정의하여 사용
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9.1.1 Lift and Drag Concepts
Ex: Boing 747-200의 양력 계산 예

보잉 747-200 이 고도 40,000ft (약12km)에서

순항(cruising) 할 때의 데이터

 양쪽 날개 면적(S) (면적) : 511 m2

 (공기밀도) : 0.30267 kg/m3 @40,000ft (12,192m)

 v (속도) : 순항속도 511 km/h (265.5 m/s)

 CL (양력계수): 0.52 @2.4o 받음각

 Weight (중량) : 289 ton

Lift = 0.52 x 511 m2 x 0.5 x 0.30267 kg/m3 x (265.5 m/s)2

= 2,834,600 N (kg·m/sec2)

= 289,245 kgf

= 289 ton
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9.1.2 Flow past an Object(물체주위 유동)
외부유동(External flow)에 영향을 미치는 변수

Re 1: Stokes flow
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Re 1 :
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0.3: incompressible (0.01m/s< 100 / )

0.3: compressible
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(점성영역이 얇아진다)

2) 경계층 박리 발생

(유동박리 발생)

3) 후류 영역 확장

(유동 대칭성 사라짐)
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9.2 Boundary Layer Characteristics 

(경계층의 특성)

Ludwig Prandtl 

(1875– 1953), A German scientist. 

In 1901 Prandtl became a professor of fluid mechanics at the technical 

school in Hannover, now the Technical University Hannover.

In 1904 he delivered a groundbreaking paper, Fluid Flow in Very Little 

Friction, in which he described the boundary layer and its importance for 

drag and streamlining. The paper also described flow separation as a 

result of the boundary layer, clearly explaining the concept of stall for the 

first time. The Prandtl number was named after him.
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9.2 Boundary Layer Characteristics
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Why is the boundary layer theory important in the fluid mechanics ?

Slip condition

No viscous effect

No rotation (curlV=0)

(potential flow)

No slip condition

With viscous effect

With rotation (curV≠0)

Very weak rotation

Very high Re. No.

simplification

Euler Equation N-S Equation

예제 9.1을 상기해보자
(D’alembert paradox)
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Prandtl’s experimental results
Reynolds No 증가 → 경계층이 얇아짐(대부분의 유동장이 관성력에 영향을 받음)

High Re No(관성력이 지배적)에서 고체 벽면 근처에서는 점성에 관계 없이

관성효과에 버금가는 점성효과가 크게 작용하는 얇은 경계층이 존재함을 입증

점성유동영역(Viscous flow)을 두 영역으로 나누어 해석할 수 있음을 설명

i) 경계층 영역 : 고체 경계면에 인접하여 점성효과가 현저한 영역

ii) 비점성 영역 : 점성효과를 무시할 수 있는 외곽 영역 (outer region, free stream) 

즉, 유동을 비점성 유동으로 해석 (점성효과가 무시되는 영역)

9.2 Boundary Layer Characteristics

Re
VL




경계층 영역

비점성 영역

Fluid Engineering Lab., Jeonbuk National University

Flow field
: Continuity eq.

: Euler eq.

: potential theory

Pressure
: Bernoulli eq.

경계층의 정의(Definition of Boundary Layer)

고체 벽면 근처에서 점성에 관계 없이 관성효과에 버금가는 점성효과가 크게 나타나는

얇은 층(속도 경계층: 경계층 내 속도 분포는? 예제 9.1을 상기해보자)

flow) eq.(real SN  ,0

flow) (potential.eqEuler   ,0











y

u

y

u

• Introduce the concept of Boundary Layer

이론(비점성유동)과 실제(점성유동)를 연결시켜 주는 매우 중요한 개념

N-S eq. 적용이 어려운 점성유동문제의 해석을 가능하게 해주는 실용적인 개념

경계층 개념의 도입은 현대유체역학의 시초로 인정됨

9.2 Boundary Layer Characteristics

No viscosity, 

No rotation

With viscosity, 

With rotation

Ux 99.0)(  Flow field
: Boundary Layer eq.

: (N-S eq. approx.)

Pressure
: same within BL

최근에는 전체 유동장에

대해 N-S eq.을 직접 푼다

경계층 경계

경계층 두께

Fluid Engineering Lab., Jeonbuk National University

Growth of Boundary Layer (Boundary layer is a function of x-dir.)

In BL, both inertia and viscosity forces are important  equally→ Re No. is key variable

Laminar 

BL

Transition

region

Turbulent 

BL

Logarithmic zone

Buffer zone

Laminar sub-layer

Re local Reynolds Numberx

Vx Vx

 
  

Law of 

wall region

BL: 

• pressure gradient

• surface roughness

• heat transfer

• turbulent

5

6

Re 2 10

~ 3 10

x  



Presence of transition region: ex) when U=100m/s, BL is appear at 0.43 < x(m) < 0.58

9.2 Boundary Layer Characteristics

5101Re x
  yuy :50

Fluid Engineering Lab., Jeonbuk National University

9.2 Boundary Layer Characteristics
Transition of Laminar boundary layer into Turbulent boundary layer ()

),,,(  Vx

V ↑      →    δ ↓

Rex ↑   →    δ ↓



 VxVx
plateflat  aon No. Re.

Thickness of BL is too thin and the length of transient region

is too long compared to laminar region.

경계층이 매우 얇다는 것은 Prandtl의 주요한 실험결과임 (매우 얇을 경우 물리적 현상은?)

5101Re x
6

, 103Re crix





 mmx 110:BL of )(

1m:airfoil of Chord

magnitude oforder :Note

2

• 실제에 가깝게 표현한 경계층 두께
5

,

Critical Reynolds No.

Re 5 10x cri  
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2

1

2

1

2

5

1

1

5

( : thickness of BL or the length of momentum diffusivity)

~ ( Re )

1
~ or ( ) ~ (in the laminar flow)

Re

1
~ or ( ) ~ (in the turbul )

Re

 Re ent f

~

low

Re

x

x
x u t t

u

u xx x

u u x

x x
x

x x
x

t 

 


























  

  
(뒷부분에서 설명됨)

9.2 Boundary Layer Characteristics
Thickness of boundary layer in the case of laminar & turbulent flow

Air properties at 20oC

)/(10697.1

)/(100449.2

)/(205.1

25

*5

3*

sm

smkg

mkg

air

air

air

















0

0.05

0.1

0.15

0.2

0.25

0.3

0.0 1.0 2.0 3.0 4.0 5.0 6.0

BL in Laminar flow

BL in Turbullent flow

T
h
ic

k
n
e

s
s
 o

f 
B

L

x

U=10m/s, air

1

2
laminar 1/2

1

5
turbulent 1/5

lam

tur

( ) Re
Re

( ) Re
Re

x
x C x

x

C

x
C Cx









 

 

Fluid Engineering Lab., Jeonbuk National University

경계층 두께의 정의(Definition of Thickness of Boundary Layer)

고체 벽면(uy=0(y)=0) 으로부터 유체 점성의 영향이 미치는 곳(u(y)=0.99U) 까지의 거리. 

즉, 속도구배가 존재하는 영역의 두께: (δ(y)=0.99U)

개념적 경계층 두께(Conceptual Thickness of Boundary Layer)

1) Displacement thickness (배제두께, δ1 or δ*)

2) Momentum thickness (운동량 두께, δ2 or θ)

3) Dissipation energy thickness (소산에너지 두께, δ3)

실제 경계층 두께(δ)는 점성 확산 효과를 다루는데 매우 유용

그러나 경계층 문제를 질량유량이나 운동량 플럭스 및 에너지와 관련시켜 다루기에 불편

따라서 개념적 두께인 배제두께(질량유량), 운동량 두께(운동량), 소산에너지 두께를 사용

WHAT IS A FLUX? 
The transfer of a quantity per unit area 

per unit time is called a flux.

The boundary layer plays a key role in 

transporting quantities such as: 

mass flux , heat flux , moisture flux , 

momentum flux , and pollution fluxes 

9.2.1 BL Structure& Thickness on a Flat Plate

주의: 강의 노트에서는

부호를 혼용해서 사용

( ) 0.99u y U

( )x

Fluid Engineering Lab., Jeonbuk National University

1) Displacement thickness (배제두께, δ1 or δ*)

q q

실제 점성유동에서 경계층에 의해 배제된

유량에 상응하는 자유유동(free stream)에

서 두께.

질량유량을 다루는 문제에서 배제두께를

이용, 이상유동 문제로 쉽게 다룰 수 있음

예) 풍동, 제트기관 유입부 설계

 

 

 

dy
U

u
dy

U

u

dyuUU

UyUdyUdyUdyUqb

bdyuUdyudyUqa


























































0
0

0
0

1

0
010

1000
0

00
0

0

0
0

00
0

11

)(

) unit widthfor ()(

1
1

1

일반적으로 
3

1
1 






















δyUu

δy
y

u

δyUu

o

o

at

at0

at

assumption Simplying

9.2.1 BL Structure& Thickness on a Flat Plate

Uyu )(

Ideal velocity profile

)(yuUq 

Velocity deficit

x

y

Fluid Engineering Lab., Jeonbuk National University

예제) Displacement thickness (배제두께, δ1 or δ*)

Given:

Find:

Solution:

sm

xUx

y

U

u

smU

/1045.1

) thicknessBL (Turbulent370.0

)ondistributi velocity BL(

) velocitycenterline&Inlet(/25

25

5/1

0

7/1

0

0

































  ?
521 

 mx
pp

1

1

1

b

h

effect Nofriction 4)

flow  Uniform3)

flow ibleIncompress 2)

flowSteady  1)

sAssumption

이 문제에서는 폭을 b로 가정
(폭에 대한 경계층 영향을 무시하자)

9.2.1 BL Structure& Thickness on a Flat Plate

(앞으로 구해야 할 공식)

http://www.basicairdata.eu/knowledge-center/background-topics/boundary-layer/
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Step 1: Checking the δ(x)

)tdevelopmenunder  is flow(
2

0759.0
5/25

/1045.1
)(5370.0370.0

5/1
25

5/1

0

h

m
msm

sm
m

xU
x



































Step 2: basic equation (continuity eq.)

22000 AUAUAdVAdVVd
t CSCSCV

 



 



입구속도

입구단면적

경계층을 제외한 단면적
(배제두께 적용 시)

경계층 제외 단면속도

 

 














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
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









































1
2

1
22

1
22

22

2

2

02

0

2

0

22

0

2

0

2

2

2

1

22

1

2

1

2

221

2
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A

A
U

U

U
UUU

V

V
VVVpp

gz
Vp

gz
Vp







From Bernoulli equation (경계층 밖은 속도 구배가 존재하지 않으므로 마찰력이 없음) 

9.2.1 BL Structure& Thickness on a Flat Plate

(배제두께를 이용하는 편리함)

Fluid Engineering Lab., Jeonbuk National University

From Continuity equation

 

 
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
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9.2.1 BL Structure& Thickness on a Flat Plate

(매개변수 도입)

b

h

Fluid Engineering Lab., Jeonbuk National University

2) Momentum thickness (운동량 두께, δ2or θ)

경계층 생성으로 배제되는 운동량에 대응하는 비점성유동장의 두께

M M

실제유동질량

실제유동질량의 실제 운동량

실제유동질량의 자유유동 운동량

dyubm 



0


dyubuM real 



0


dyubUM free 



0

0 

 

 

dy
U

u
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u
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U
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





0
00

0
00

2

0
02

2

0

2

2

0

0
0

00
0

11

      M)(momentum)(

 M)(loss momentum)(

9.2.1 BL Structure& Thickness on a Flat Plate

2


dy
U

u
 















0

0

1 1

Note: 배제두께

Fluid Engineering Lab., Jeonbuk National University

3) Dissipation energy thickness (소산에너지 두께, δ3)

경계층 내 유동 감속으로 인하여 배제되는 에너지손실 양에 상응하는 자유유동 두께

(a)에서 단위질량당 에너지 손실

폭 dy를 통과하는 유동질량에 대한 에너지 손실














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작으므로)
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9.2.1 BL Structure& Thickness on a Flat Plate
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Note: 두께 비교
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Example

GIVEN: Air flowing into a 0.6 m square duct with a uniform velocity of 3 m/s forms a boundary

layer on the walls. The fluid within the core region 1outside the boundary layers 2 flows as if it

were inviscid. From advanced calculations it is determined that for this flow the boundary layer

displacement thickness is given by where δ*and x are in meters

Example 9.3  Boundary Layer Displacement Thickness

SOLUTION

FIND: Determine the velocity U=U(x) of the air within the duct but outside of the boundary layer.

* 1/20.004( )x 

2 3

1 1
(2)

3 * 2

(2)

3 1/2 2

1/2 2

3 / (0.6 ) 1.1 /

1.1 / (0.6 2 )

1.1 / (0.6 0.008 )

1.1
/

(0.6 0.008 )

U A m s m m s udA

m s udA U m

m s U m x

U m s
m x



  

  

 








 

2 2 3

1 1 2 2 1

2 2 2

2 1 2 1/2 4

2

1 1
, ( 0, 1.2 / )

2 2

1 1 1.2
(3 / ) /

2 2 (0.6 0.008 )

2.12 / (at 30 )

p U p U p kg m

p U U m s m s
m x

N m x cm

  

 

    

 
    

 

  

Fluid Engineering Lab., Jeonbuk National University

Motion Equation in Boundary layer

(경계층 운동방정식)

Basic assumption for BL approximation is that the BL is very thin.

Note ; 

rough-estimated magnitude (L vs δ)

)10(Reflowlaminar for 5x
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5 5
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N-S Equation for incompressible flow

1) N-S eq. in 2D flow and Basic assumptions

i) 2D flow, ii) steady flow, iii) No body force  iv) incompressible flow

Continuity eq. :

Momentum eq. :
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9.2 Motion Equation in Boundary layer

Continuity eq. :

Momentum eq. :

Fluid Engineering Lab., Jeonbuk National University

2) Boundary layer approximation (경계층 근사: 중요)

Momentum eq. : ② (x-dir)

Continuity eq. : 

Momentum eq. : ③ (y-dir)
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9.2 Motion Equation in Boundary layer
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9.2 Motion Equation in Boundary layer
3) Pressure within BL

)(xpp
dx

dp

x

p






Pressure change across a BL is negligible

→ Applicable to asses the pressure of outer flow

Pressure across a BL is the same as out flow,

We may apply Bernoulli eq. to BL equation in x-dir.
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Summary of BL approximation:
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• Continuity eq.   :

• Momentum eq. : 

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Motion Equation in Boundary layer (경계층운동방정식)

9.2 Motion Equation in Boundary layer
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• Continuity eq.   :

• Momentum eq. :

Note: 2D N-S Equation for Incompressible Flow

도입된 가정: 경계층은 매우 얇다 (δ <<  L) 

2 2
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9.2 Motion Equation in Boundary layer

Boundary Layer Equation (경계층 운동 방정식)

•Parabolic type(포물선 방정식)

•유동정보는 하류에서 상류로 전파 (즉, 하류로 정보가 전파되지 않음. 초기값이 필요)

•3면의 경계조건만 필요. 문제풀기가 매우 쉬어짐

Navier-Stokes Equation

•Elliptic type(타원형 방정식)

•유동정보가 공간 전체에 전파 (경계값 문제가 됨)

•4면의 유동정보가 필요. 문제풀기가 매우 복잡

(몇 가지 단순한 경우를 제외하고 대수 해를 구하기 어려움: 모델링 및 수치 해가 존재)

• Continuity eq.   :

• Momentum eq. : 

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Motion Equation in Boundary layer (경계층운동방정식)
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Note: Parabolic and elliptic type of PDE 
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9.2 Motion Equation in Boundary layer

• Continuity eq.   :

• Momentum eq. : 




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
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
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Solution of Boundary Layer Eq.(경계층운동방정식의 해)

1) Exact solution for Laminar Flow : Prandtl & Blasius’ solution

2) Approximate solution : Karman-Pohlhausen’s Method

(called as Von Karman’s Momentum Integral Method)

i) for Laminar and Turbulent

ii) for without pressure gradient(dp/dx=0) and With Pressure gradient(dp/dx 0)

Pressure gradient term

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIM)
O O O O
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Exact Solution of BL Eq.
(Blasius Solution for Laminar BL)

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIE)
O O O O

Fluid Engineering Lab., Jeonbuk National University

Assumption :

Boundary layer equations :

)gradient pressure No(0Constant,0 
dx
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Exact Solution: in the case of pressure gradient dp/dx=0

• Continuity eq. :      

• Momentum eq. :

Exact Solution Method: Blasius’ solution

1p 2p

If U0=constant, p1=p2 at outer and inner regions of BL. Note: Euler’s eq.
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(see below schematics)
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To solve the PDE, introduce similarity parameter, η

Blasius defined new non-dimensional similarity parameter(η) as; 

Introduce 2D stream function defined as ;

Rewrite continuity eq. using the stream function,

by chain rule

This result shows that the stream function 

is satisfied with continuity equation 

automatically

Exact Solution Method: Blasius’ solution
Blasius performed a transformation technique to change the set of two partial differential 

equations(PDE) into a single ordinary differential equation(ODE). He solved the boundary layer 

over a flat plate in external flows. (No pressure gradient)

(차원해석 결과)

Fluid Engineering Lab., Jeonbuk National University
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Exact Solution Method: Blasius’ solution
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Exact Solution Method: Blasius’ solution
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Exact Solution Method: Blasius’ solution

u
yy

v
xxx










































Note: Stream function

Fluid Engineering Lab., Jeonbuk National University

   

   

    

    

0 0

0 0

0

0

1

22

1

2 2

2

1

2

U f f U x
xx

U x f f U x
x x

U x
f f

x

U
f f

x


   


   


  


  

  

  

 

 

        

     










f
x

U

y

u

x

U
fU

y

u
fU

xx

u

ff
x

U
v

U

u
fUfu


















2

0

2

2

0
00

0

0

0

,,
2

2

1
,

Summary

Exact Solution Method: Blasius’ solution

Fluid Engineering Lab., Jeonbuk National University

            

2

2

2

0 0 0
0 0 0

2 2

0 0 0 0 0
0

2 2

0 0 0 0 0 0
0 0

1

2 2

1 1

2 2 2

1 1

2 2 2

u u u
u v

x y y

U U U
f U U f f f U f f

x x x x

U U U U U
f f f f U f f

x x x x x

U U U U U U
f f f U f fU f f

x x x x x x




       

 

  




  


 

  
 

  

 
           

 

 
         

 

        

Substitute these results into momentum equation

Exact Solution Method: Blasius’ solution
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And then rearrangement the equation:
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3rd-order non-linear ordinary differential eq. (ODE)

instead of PDE

Exact Solution Method: Blasius’ solution

Therefore, the original x-momentum can be written as below upon simplifications.  

Note that this is an ordinary differential equation with η as the independent variable 

and f(η) is the dependent variable. 

0 at   0

(0) '(0) 0
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
 




  



Boundary conditions
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Transform BCS on x, y into on η
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by using 4th Runge-Kutta integral method, we may get the solution

2 0f f f  

To solve the 3rd-order non-linear ordinary differential eq. (ODE)

we need three boundary conditions.

Exact Solution Method: Blasius’ solution

(x)

At y = , u = U

At x = 0, (x) = 0 At y = 0 (on wall),

u = v = 0 (no slip condition)

U
y

x
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     
00

0 ,,,
U

u
f

xU
f

x

U
y

y
yx  









Thickness of BL, 

Linear velocity profile

 

x

Ux

U
yx












0

0
5

5
, 



Fluid Engineering Lab., Jeonbuk National University

xyy

w

U

x

U
U

d

fd

x

U
U

y

u

x

v

y

u

Re
332.0332.0

2

00
0

0

2

2

0
0

00


















































Approximate sol.

x

f

x

f

x

C

C

x

Re

154.1

Re

577.0

Re

46.3








Exact Solution Method: Blasius’ solution

Exact solution
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Using the alternate definition of η, we may get the thickness of boundary layer:
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The wall shear stress, w may be written as:
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The skin friction coefficient is defined as the non-dim. wall shear stress:

from table

x
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ff CdxC
L
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0
 

The overall skin friction coefficient:
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Exact Solution Method: Blasius’ solution
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9.2.2 Prandtl/Blasius Exact Solution

Prandtl’s idea for high Re. No. flow

경계층은 매우 얇기 때문에 평판에서 수직인 속도성분은 평행인 속도성분보다 매우 작다. 

경계층에서 모든 매개변수의 수직방향으로 변화율은 유동방향의 변화율보다 훨씬 크다.

평판 위의 경계층 유동에서 압력은 유체전반에 걸쳐 일정하다.

andv u
x y

 
 

 
(Prandtl이 제안한 아이디어),

2

2

0
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   

경계층 방정식 (단순화된 N-S eq. for 2D, Steady, Laminar flow, without Body force)

0
p p
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 
 

 

포물선 방정식(parabolic equations)
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N-S equation for 2D, Steady, Laminar flow without Body force(중력 무시)

타원형 방정식(elliptic equations)

0
u u

x y

 
 

 
• 2D Continuity eq.:
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9.2.2 Prandtl/Blasius Exact Solution
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Blasius solution for boundary equation(경계층 방정식), Prandtl의 제자 (1908)

무차원으로 나타낸 평판의 경계층 속도분포: 위치에 관계없이 동일. 

차원해석을 통해 관계식을 구할 수 있음.

경계층 내에서는 점성력과 관성력이 평형

속도구배는 유동방향보다 수직방향이 더 큼

Blasius는 경계층 방정식(비선형 편미방)을 풀기 위해 무차원 상사변수와 유동함수를 도임

위 두 식을 경계층 방정식에 대입하여 정리하면 비선형 3차 상미분방정식을 얻을 수 있음
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2 0, :

1 as

f f
f ff BCs

f





  
   

  

Fluid Engineering Lab., Jeonbuk National University

9.2.2 Prandtl/Blasius Exact Solution
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9.2.2 Prandtl/Blasius Exact Solution
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속도분포를 이용한 벽면전단응력(τw) 계산
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Approximate Solution of BL Eq.
(Momentum Integral Equation proposed by

Von Karman)

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIE)
O O O O

Fluid Engineering Lab., Jeonbuk National University

In the case of U0=constant (without pressure gradient effect, dp/dx=0) 

1) Continuity eq. :

assumptions : ① steady(               ),  ② 2-D flow

 
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Momentum Integral Equation of BL

(a) Mass conservation (b) Momentum conservation
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2) Momentum eq. :

assumptions : ③ No body force (fx=0), ④ free stream with U0=Constant

→ No consider, 
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Momentum Integral Equation of BL

(b) Momentum conservation
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(a) Mass conservation (b) Momentum conservation

In the caser of U0= U0(x) (with pressure gradient effect, dp/dx0)

Note: Boundary layer is not streamline, so the flow is present through BL.

)const.(
2

1 2

0 HghpU  

1) In the outer region where no viscosity effect is considered,

Bernoulli eq. :

dx

dU
U

dx

dp 0
0

in the case of free stream, δ is in disregard of h (∵L>>δ) (boundary layer is too thin !!)

Differentiate above formula by x :                                    (comparing with U0=constant)                                                              

(force due to ∂p/∂x does not appear 

in the case of free stream  with U0=constant)

Here, h is height from base line 

Momentum Integral Equation of BL
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( )u y

0

 0 oV dx U

( )( )p dp d  p
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2) Continuity eq. :
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3) Momentum eq. (M=momentum)
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(here,  pdδ<<δdp)

Momentum Integral Equation of BL

(b) Momentum conservation
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Using the displacement thickness (δd)  and  momentum thickness (δm)

δd : Displacement thickness

δm : Momentum thickness

Momentum Integral Equation of BL
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Unlike the Blasius solution, which is exact, approximate solution method assumes an

approximate shape of the velocity profile. This velocity profile is then utilized to evaluate

quantities related to the governing differential equation, given below by Karman and

Pohlhausen. This method, which is called the momentum integral method, changes the two

equations given by Prandtl into a single differential equation. Integral momentum eq. can be

applied in both laminar and turbulent flow, because any assumption was applied.

Momentum Integral Equation of BL
Summary of MIE

1) without pressure gradient effect, dp/dx=0) 

2) with pressure gradient effect, dp/dx=0) 

   0
0

2 2

0 0
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0 0
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0 0
0 0

0 0 0

2 0
0 0

Constant
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1 1 ( Constant)

w o
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m d
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d u u d u
U dy U dy U
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dx dx
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 
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   

 





 
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Laminar Boundary Layer

without pressure gradient(dp/dx=0)

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIE)
O O O O

Fluid Engineering Lab., Jeonbuk National University

1) Linear velocity distribution using momentum integral eq.
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substitute this eq. into 

momentum integral eq.

• Velocity distribution:
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Application of MIE-Laminar boundary layer
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Solving the DE using BC : δ(0)=0
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Application of MIE-Laminar boundary layer
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The skin friction coefficient:
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2) Quadratic velocity distribution
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Application of MIE-Laminar boundary layer

: Parabolic velocity profile

Note that at the edge of the defined edge of 

the boundary layer u=0.99U and du/dy=0. 

However we approximate them with the 

rounded values. This is the reason why the 

solution method by Momentum Integral Method 

is considered an approximate one. 

Remember the use of the boundary 

layer velocity profile is only meaningful 

when 0  y  .
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Using the above results in the momentum integral equation for flat plate:
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Application of MIE-Laminar boundary layer
3) Sinusoidal velocity distribution (Uo=C, dx/dp=0)

• Velocity distribution: 
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Substituting  given velocity distribution into Momentum Integral Equation:
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Application of MIE-Laminar boundary layer
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Separating variables and then Integrating, we obtain:
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Skin friction coefficient:
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9.2.3 Momentum Integral BL Eq. 
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평행 평판에 대한 운동량 적분 경계측방정식 (근사해)

검사체적 내 정상유동에 대한 x 방향 운동량방정식

질량보존법칙에 의해 단면 (1)을 지나는 유량과 단면(2)를 지나는 유량이 같으므로

운동량 방정식과 질량보존법칙 결과를 결합하면, 운동량 결손(deficit)으로 표현됨

운동량적분방정식

i) 압력구배가 없는 운동량적분방정식: 
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9.2.7 Momentum Integral BL Eq.
ii) 압력구배가 있는 운동량 적분경계층방정식(With Nonzero Pressure Gradient)
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9.2.3 Momentum Integral BL Eq. 

( ) for 0 1, and 1 for 1 : (0) 0 and (1) 1
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속도분포 변화에 따른 경계층 방정식의 근사해 계산

1) 일반적인 속도분포 함수
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9.2.3 Momentum Integral BL Eq. 
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9.2.4 Transition from L. to Turbulent
층류 경계층에서 난류 경계층으로 천이(Transition)

plateflat for 105Re103~102Re 565

,  xcrx

Onset of Turbulent Boundary Layer

Critical Reynolds Number: 표면조도, 곡률 등 복잡한 함수

층류에서 난류 경계층으로의 천이 과정은 Reynolds number의 함수(임계 Re. No.)



Vx
crx ,Re

난류 반점(spots)

층류경계층 난류경계층천이과정

난류 파열(burst)

난류 반점(spots) 생성

난류 반점(spots) 성장

난류 반점(spots) 확산
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Turbulent Boundary Layer
without pressure gradient(dp/dx=0)

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIE)
O O O O

Fluid Engineering Lab., Jeonbuk National University

5

5 r

Re 5 10 for 

Re 2 ~ 4 10 f

flat plate

sphere o uor r cir lar cylinde

x

x

 

 

Turbulent Boundary Layer

Application of MIE-Turbulent boundary layer

Onset of Turbulent Boundary Layer

Critical Reynolds Number:

We know that turbulent flow occurs if the flow velocity is large enough (or, viscosity is small

enough) to create a Reynolds number greater than the critical Reynolds number over an object.

For spheres or circular cylinders this critical Reynolds number is between 2 to 4x105. For flat

plate flows this is around 500,000.

It is important to recognize that turbulent flows have two components: (i) a mean(ῡ), and (ii) a

random one(u’). The random u’ cannot be determined without statistical means. Therefore for

turbulent fluid flows, we usually work with a time averaged mean flow ῡ.

http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&uact=8&docid=ZSTZx_XJC4NDqM&tbnid=JuneP44T8PSHMM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.docstoc.com%2Fdocs%2F53945498%2FFlat-Plate-Drag&ei=OVVVU62WHsj18QX6jIKgCw&bvm=bv.65058239,d.dGI&psig=AFQjCNFnnKdIyCVlgFIb-ptKsCCSweRWpQ&ust=1398187627652042
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&uact=8&docid=ZSTZx_XJC4NDqM&tbnid=JuneP44T8PSHMM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.docstoc.com%2Fdocs%2F53945498%2FFlat-Plate-Drag&ei=OVVVU62WHsj18QX6jIKgCw&bvm=bv.65058239,d.dGI&psig=AFQjCNFnnKdIyCVlgFIb-ptKsCCSweRWpQ&ust=1398187627652042
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Application of MIE-Turbulent boundary layer
Turbulent Flow Velocity Distribution :
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Turbulent flows in boundary layers over flat plates may be represented by the power law 

velocity profile:

This velocity profile is widely used in turbulent

BL since the equation can be represent as a

function of =y/ even though the profile can

not apply to estimate the wall shear stress at

y=0

You understand that whenever we speak 

about turbulent flows here, we are 

representing the mean flow.

(난류는 파동속도에 의해 정의되지만,

여기서는 평균속도를 고려하자)
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Substituting this result into momentum integral equation 

for without pressure gradient (dp/dx=0)
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Both              → unknown parameters

Relations of               is needed.

(난류이므로 벽면 전단응력을 구하는 공식이 없음)

 &w

 &w

Application of MIE-Turbulent boundary layer

This profile covers a fairly broad range of turbulent Reynolds number for 6 < n < 10. The most

popular one is n=7. Although this velocity profile is an excellent representation of the real

turbulent flow, this may not be used to calculate skin friction coefficient in the approximate

solution method seen earlier, since u/y)y=0 will be negligible for this profile. For the

purpose of calculating shear stress we use an experimental results:(실험결과를 이용해야 함)
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Application of MIE-Turbulent boundary layer
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Assumptions

① steady flow

② ΣFBx=0

③A=Constant (V1=V2)

④ Fully development
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This formula is the relation connecting the wall shear 

stress with flow direction pressure gradient. In the 

derivation process, the momentum equation was only 

used without the assumption of shear stress and 

velocity field (Namely, not apply the Newton’s viscous 

law. Therefore, this equation may be applied both 

laminar and turbulent flow.
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Application of MIE-Turbulent boundary layer
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Relation of wall shear stress and flow direction pressure gradient

From the Darcy-Weisbach equation

Combining two relations, we obtain:
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Application of MIE-Turbulent boundary layer
For the smooth circular pipe, relationship between  and Reynolds Number:

)equation sBlasius'(10Re103for
Re

316.0 53

4/1


D



Substituting this equation into w in the fully developed turbulent flow we obtain:

2

4/1

2

4/1

2 316.0
8

1

Re

316.0

8

1

8

1
V

VD
VV

D

w 








































Transform a circular pipe variables into a flat plate:

0817.0, UVR  

0

2

0

0

7/1

2

0

0

7/1

02

0

7/1

02

7/1

0

817.0

)17/12)(17/1(

)7/1(2

2

)(,
2

2
11

U

U

rdr
R

rR

R

U

rRyrdr
R

rR
U

R

rdr
R

y
U

R
dAu

A
V

R

y

U

u

R

R

R















 









 


























 
Wall shear stress in a flat plate turbulent BL:

4/1

0

2

0

2

0

4/1

0

0233.0

)817.0(
)2)(817.0(

316.0
8

1


















































U
U

U
U

w

Blasius’s equation

→ See next slide

Fluid Engineering Lab., Jeonbuk National University

proposed by Blasius

Application of MIE-Turbulent boundary layer
Local friction factor(Cf) distributions with Reynolds number (p.109  White)

trubulent)(Re316.0
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For the smooth circular pipe
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Application of MIE-Turbulent boundary layer
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Combining the momentum Integral eq. and the wall shear stress, we obtain:

Separating the variables and then integrating, we obtain:
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Application of MIE-Turbulent boundary layer
Skin friction coefficient:
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Application of MIE-Turbulent boundary layer
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The overall skin friction coefficient:
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9.2.5 Turbulent BL flow
난류 경계층(turbulent boundary layer) 유동

서로 다른 크기의 와도(eddy or vortex)의 비정상 특성 현상을 보임

층류 경계층에 대한 Blasius solution과 같은 엄밀해가 존재하지 않음

난류 경계층의 경우 정확한 전단응력 표현 식이 없으므로 해를 구할 수 없음

따라서 운동량 적분방정식을 이용 엄밀해 대신 근사해를 구함.

운동량 적분방정식을 이용한 난류경계층 근사해(예제9.6 참조)

1) 속도분포의 적절한 가정(8장: 난류 유동의 속도분포 참조)

주: 난류유동의 경우 완벽한 속도분포 관계식이 없음

(1) 벽법칙, (2) 속도결손법칙, (3) 1/7승 법칙

2) 벽면 전단응력(τw) 관계식: 경험식

1/4

20.025wall U
U


 



 
  

 

평판에서 항력계수 계산:  Re , /DfC f 

Fluid Engineering Lab., Jeonbuk National University

Boundary Layer
with pressure gradient (dp/dx0)

Method
Laminar flow Turbulent Flow

dp/dx=0 dp/dx 0 dp/dx=0 dp/dx 0

Exact Solution

(Blasius solution)
O

Approximate solution

(Von Karman MIE)
O O O O

외부유동 (external flow)임에 유의하자

Fluid Engineering Lab., Jeonbuk National University

9.2.6 Effects of Pressure Gradient
압력구배(pressure gradient)가 경계층(boundary layer) 유동에 미치는 영향

지금까지 평판 위의 압력이 일정한 경계층(dp/dx=0)에 대한 것을 살펴보았음

경계층에 압력 구배가 있을 경우(dp/dx0)에 대해 알아보자

예) 평판이 아닌 물체(곡면 등) 주위 유동장에서 압력구배 발생

)(xpp
dx

dp

x

p






dx

dU
U

dx

dp

dx

dU
U

dx

dp

CU
p









1
0

1

2

1 2

Reynolds No.가 증가하면
경계층 두께가 얇아진다.

높은 Reynolds No.에서 경계층 두께가 얇을 경우

경계층을 가로지르는(y 방향) 압력은 무시할만하고

경계층 안쪽과 바깥쪽의 압력은 서로 유사

경계층을 따르는(x방향) 압력은 변화하며 (dp/dx0)

주요 원인은 자유유동속도(Ufs)의 변화임

(점성에 지배)

(관성에 지배)
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9.2.6 Effects of Pressure Gradient
1) 비점성 유동에서 압력구배 영향: 경계층 내부 및 외부의 유동특성에 큰 영향을 끼침

예) 직경이 D인 실린더 주위의 유동

Upstream

(상류)

• 비점성유동의 경우: 대칭 유동구조 형성

Re
0

VD VD 


   

A, F =stagnation points

•실린더 주위의 속도변화

, , ,0 2fs A fs fsF cU UUU   

•실린더 주위의 압력변화: 비점성 효과로 에너지 보존

2

2 2 2

and (s

1

a
1

at
2

o

4 3
=

tagn ti n p

at
2

i

2 2

o nt)A F o

c o o

p p p U

p p U U p U C

A F

  

  

   
      
   

실린더 주위의 항력변화

Drag force 0( 0)w 

(D’alembert의 역설:

비점성 유체에서 물체의 항력은 0이다. 

그러나 실제 항력은 0이 아니다. 왜?)

0 0
p p

x x

 
 

 

순압력구배 역압력구배

6.6.3 퍼텐셜
유동 해석 결과

(압력 분포가 대칭)
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9.2.6 Effects of Pressure Gradient
2) 점성 유동에서 압력구배 영향: 경계층 내부 및 외부의 유동특성에 큰 영향을 끼침

점성 유동장에서는 점성이 아무리 작아도 μ 값에 관계없이 유한한 항력이 측정된다.

→ 주요 원인은 압력구배의 영향

• 점성유동의 경우: 

점성 마찰로 경계층 내 운동 에너지 손실 발생

에너지 공급이 없으므로 유동박리(separation)발생

박리점에서 속도=0, τw=0

박리점 이후에서 역류(reverse flow) 발생

• 실린더 주위의 항력변화

Drag force 0( 0)w 

점성마찰 항력은 거의 0

그러나 압력에 의한 항력 발생

(D’alembert의 역설이 설명됨)

for inviscid flow

for viscous flowA

A F

F

p p

p p



• 실린더 주위의 압력변화

Fluid Engineering Lab., Jeonbuk National University

9.2.6 Effects of Pressure Gradient
예) 영각(attack angle)을 갖는 날개 주위 유동

attack angle=0o

attack angle=5o

0 0
p p

x x

 
 

 

순압력구배 역압력구배

박리가 거의 관찰되지 않음

유선형 물체: 박리 영향이 제거 또는 줄이도록 설계된 것

박리가 D 점에서 관찰되고 있음

박리영역(후류)에서 낮은 압력으로 압력항력이 증가한다.

경계층이 아무리 얇더라도 박리 발생은

유동장을 상당히 변화시킨다.

Fluid Engineering Lab., Jeonbuk National University

9.3 Drag (항력)
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body) (submerged
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 :t coefficien Drag
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1
: force Drag

2

0

2
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AU
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C

AU

F
C

AUCDF

D
d

D
d

ddragD













Drag force

(전항력)

Pressure drag(압력항력)

Form drag      (형체항력)

Skin drag     (표면항력)

Friction drag(마찰항력)

유동박리로 인해 물체 전후방 압력차에 의한 항력
후류(wake)의 크기, 박리점 위치에 따라 변화

유체 점성으로 물체 표면에 작용하는 전단력의 총합
층류의 경우 대수계산 가능. 난류의 경우 복잡

 Classification of drag force (항력)

※유선형물체(streamlined body): 유동박리가 일어나지 않아 압력항력이 줄어들도록
만든 물체. 즉, 전항력이 표면마찰에 의해 발생

Cd is as a function of Reynolds No., Mach No., Froude No., Relative roughness

형상항력
(Profile drag)

9.3 Drag (항력)

 shape, Re, Ma, Fr, /DC  
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9.3.1 Frictional Drag (마찰항력)

2

2

1

12

2

f

f Df Df

A

D
D C U b C

U b





  

마찰 항력(friction drag , Df)

물체표면의 전단응력(τw)에 의해 발생하는 항력. Reynolds No.가 낮은 경우 지배적

(Re , / )DfC f 

평판 유동의 경우 마찰항력계수

곡면 유동의 경우 마찰항력계수: 구하기가 매우 어려움(실험적 결과 사용)

마찰 항력계수(friction drag coefficient)

Fluid Engineering Lab., Jeonbuk National University

9.3.2 Pressure Drag (압력항력)

cospD p dA 

2 2 2

cos cos ( )
,

1 1 1

2 2 2

pp o
Dp p

p dA C dAD p p
C C

U A U
A

U A

 

  

 
 

    
 
 

 

압력 항력(pressure drag, Dp)

유동박리에 의한 물체 전후에 발생하는 압력차에 의한 항력.

물체의 형상과 밀접한 관계가 있으므로 형상항력(Foam drag)라고도 함

압력 항력계수(pressure drag coefficient)

(pressure coefficient)

기준압력
(대기 중: 대기압) 

 

sinw 

w

p

cosp 
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9.3.3 Drag Coefficient and Example

물체 형상이 항력계수에 미치는 영향(Shape dependence)

2 2

or

or
1 1

2 2

D

A bD b

D D
C

U bD U b 





유선형 물체의 항력계수: 후류(wake flow) 크기가 항력계수에 지배적 영향

1.2DC  1.2DC 

CD is as a function of Reynolds No., Mach No., Froude No., Relative roughness

 shape, Re, Ma, Fr, /DC  

압력 항력계수(pressure drag coefficient)에 영향을 미치는 변수
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9.3.3 Drag Coefficient and Example
Reynolds No.가 항력계수에 미치는 영향 (Reynolds Number dependence)

 

2 2
2 2

, ,

2 2 2

1 Re

2

D

C

C

D f U

D U

D U
C

U U
U

C C





 

 





   

1) Low Reynolds No. 유동(Re < 1): 점성력과 압력힘이 균형(관성력은 무시할만함) 

(항력계수는 Re에 반비례)

Fluid Engineering Lab., Jeonbuk National University

Example

GIVEN: While workers spray paint the ceiling of a room, numerous small paint aerosols are

dispersed into the air. Eventually these particles will settle out and fall to the floor or other

surfaces. Consider a small spherical paint particle of diameter D=1x10-5 m (or 10 μm) and

specific gravity SG =1.2.

Example 9.10  Low Reynolds Number Flow Drag (Stokes Law: 중요)

SOLUTION

FIND: Determine the time it would take this particle to fall 2.4 m from near the ceiling to the floor.

Assume that the air within the room is motionless.
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An object moving through a gas or 

liquid experiences a force in direction 

opposite to its motion. 

Terminal velocity is achieved when 

the drag force is equal in magnitude 

but opposite in direction to the force 

propelling the object. 

Assumptions

① low Reynolds number (Re<<1) 

② No flow separation around sphere

③Wake flow is laminar

④ No acceleration (No body force)

⑤ friction drag is dominant (due to no separation)

Bd FF

gF

Drag force (항력): Reynolds No.의 함수
물체의 운동방향과 반대방향으로 작용하는 저항력

Drag force

FST: Friction drag force (Re < 1)

FSN: Pressure drag force (Re>1000)

유체 점성의 영향으로 발생.τw의 적분값

유동박리에 의한 물체 전후 압력차에 기인

S. Stokes flow & Stokes’ law

http://image.motortrend.com/f/29717730+w750/2009-ford-f-150-SFE-wind-tunnel-test.jpg
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Stokes’ law (Stokes’ drag force law)

VdFd 3force Drag 

VdFd 2dragFriction :FST 

VdFd 1drag Pressure:FSN 

Derived by Stokes over 160 years ago! (1851)

Two thirds of the force is due to viscous shear

One thirds of the force is due to pressure drag

앞장의 가정, N-S eq.을
이용 해석적으로 얻은 해
유도과정은 너무 복잡하여 생략

Bd FF

gF

gdF

gdF

VdF

pg

mB

d









3

3

6
force nalGravitatio

6
forceBouant 

3force Drag







Forces acting on a sphere  moving fluids (gas or liquid)

medium ofviscosity :

medium ofdensity :

density particle:

diameter particle:

 velocityparticle:







m

p

d

V

d

V

S. Stokes flow & Stokes’ law

Fluid Engineering Lab., Jeonbuk National University

)law stokes':1Refor (
Re

24

24

42

1

3

2

1

3

2
22







d

d
d

d

C

udd
V

Vd

AV

F
C

VdF














Drag force of sphere in fluid (Stokes’ drag force law)

Bd FF

gF

d

V
AV

F
C d

d
2

2

1




Drag coefficient (항력계수) is a dimensionless quantity that is used to quantify the 

drag or resistance of an object in a fluid. The drag coefficient is always associated 

with a particular surface area, and it comprises the effects of the two basic 

contributors to fluid dynamic drag: 

skin friction(friction drag) and form drag(pressure drag).

Cd varies as a function of speed, flow direction, object 

shape, object size, fluid density and fluid viscosity. 

Speed, kinematic viscosity and a characteristic length 

scale of the object are incorporated into a dimensionless 

quantity called the Reynolds number.

S. Stokes flow & Stokes’ law

Fluid Engineering Lab., Jeonbuk National University
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S. Stokes flow & Stokes’ law
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Terminal velocity (낙하하는 구의 종말속도, Vterminal)

As the object, the drag force acting on the object increases. At a particular speed, the 

drag force produced will equal the object's weight (mg). At this point the object ceases 

to accelerate altogether and continues falling at a constant speed called terminal 

velocity (also called settling velocity). 

 

 















18

6
3

6
3

6

)acceration (No0

2

terminal

3

33

gd
V

gdVd

gdVdgd

FFWF

mp

mp

mp

Bdz








Bd FF

gF

d

V
AV

F
C d

d
2

2

1




S. Stokes flow & Stokes’ law

예를 들어 1g의 빗방울이 10km 상공에서 떨어지면 엄청난 가속도가 붇지만 우리는

빗방울에 맞아 죽지 않는다. 이것이 Stokes 법칙이다.



2021-02-12

28

Fluid Engineering Lab., Jeonbuk National University

9.3.3 Drag Coefficient and Example
2) Intermediate Reynolds No. 유동(103 < Re < 105): 

경계층 구조를 가짐. Re증가에 따라 Cd 약간 감소

plateflat for 105Re103~102Re 565

,  xcrx

층류 경계층에서 난류경계층으로 천이 영역: 항력이 감소(난류에 의한 후류 영역의 크기가 감소)

Fluid Engineering Lab., Jeonbuk National University

압력저항이 전체 90% 이상마찰저항이 전체 2/3

9.3.3 Drag Coefficient and Example

Fluid Engineering Lab., Jeonbuk National University

9.3.3 Drag Coefficient and Example
압축성 영향 (Compressible effect): Mach No.와 Re. No.의 함수

(Re, )DC f Ma

Mach No.(마하수) 0.5이하에서는 압축성 영향이 거의 무시됨

Mach No.(마하수) 1.0 근처에서 항력계수가 갑자기 증가: 충격파(shock wave)의 영향

Fluid Engineering Lab., Jeonbuk National University

9.3.3 Drag Coefficient and Example
표면 거칠기 영향(Surface roughness)

난류 경계층에서 지배적 영향이 나타남.

표면 거칠기가 증가하면 벽면전단응력이 증가하며 층류에서 난류로의 천이 구간이 변함

따라서 Re. No.에 따라 항력은 증가할 수도 감소할 수도 있음

4Re 4 10c  

4Re 4 10c  

http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjDz-LUxMXPAhXJHJQKHdkDByIQjRwIBw&url=http%3A%2F%2Fwww.scienceforums.net%2Ftopic%2F38556-visable-shock-waves%2F&bvm=bv.134495766,d.dGo&psig=AFQjCNEwrDAQ_znPlyPtG8b7dD88YUJdVQ&ust=1475821222362845
https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwiRkpzexMXPAhWHlZQKHaz1BHkQjRwIBw&url=https%3A%2F%2Fen.wikipedia.org%2Fwiki%2FBullet_bow_shockwave&bvm=bv.134495766,d.dGo&psig=AFQjCNEwrDAQ_znPlyPtG8b7dD88YUJdVQ&ust=1475821222362845
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjGl4jIxsXPAhVEFJQKHbPJA7UQjRwIBw&url=http%3A%2F%2Fwww.core77.com%2Fposts%2F25240%2FA-Brief-History-of-Golf-Ball-Design-and-Why-You-Shouldnt-Hit-People-with-Baseball-Bats&bvm=bv.134495766,d.dGo&psig=AFQjCNEWHg1oaH-VHOmfJHP13PBC4uTowg&ust=1475821732444524
https://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwi0lu3UxsXPAhXBj5QKHSJTBkgQjRwIBw&url=https%3A%2F%2Fwww.myactivesg.com%2Fsports%2Ftable-tennis%2Fhow-to-play%2Ftable-tennis-equipment%2Fchoosing-a-good-table-tennis-ball&bvm=bv.134495766,d.dGo&psig=AFQjCNFJIOVSTVkkgApKaykNrGi5Ty00gg&ust=1475821768023960
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9.3.3 Drag Coefficient and Example
Froude Number effect

복합물체의 항력(Composite Body Drag)

 

Fr

Re, FrD

U

g

C 





단순화된 물체의 항력을 구한 후 총합을 구한다

(이 방법은 주의를 해야 함)

Fluid Engineering Lab., Jeonbuk National University

9.4 Lift (양력)

Fluid Engineering Lab., Jeonbuk National University

9.4 Lift (양력)
양력(Lifting force): 비대칭 물체 또는 회전하는 구 주위에 발생하는 공기역학적 힘

양력을 증가시키는 물체: 비행기 날개 등

양력을 감소시키는 물체: 자동차 스포일러(downforce wing)

Fluid Engineering Lab., Jeonbuk National University

9.4.1 Surface Pressure Distribution
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물체 표면 압력 분포

양력은 점성력 보다 물체 표면 압력분포로부터 발생

압력분포의 적분값을 구하는 것이 쉽지 않음: 

무차원 양력계수 사용

http://polydog.org/index.php?threads/why-do-i-improve-after-long-study-breaks-bow-wave.53/
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwikzM2-ycXPAhVDsJQKHa48DQgQjRwIBw&url=http%3A%2F%2Fapod.nasa.gov%2Fapod%2Fap160522.html&bvm=bv.134495766,d.dGo&psig=AFQjCNFnmkju-CUSdTssQTcfD0YoKEzB4A&ust=1475822325877317
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjZ_4HqycXPAhXGk5QKHc7OAkcQjRwIBw&url=http%3A%2F%2Fwww.marineinsight.com%2F%3Fp%3D61164&bvm=bv.134495766,d.dGo&psig=AFQjCNFnmkju-CUSdTssQTcfD0YoKEzB4A&ust=1475822325877317
http://www.masterscrawl.com/2014/06/swim-like-ship-article-by-barry-young.html
http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjb3en_8uLXAhVJwbwKHTJKBCMQjRwIBw&url=http%3A%2F%2Fjackbunn6.wixsite.com%2Fdragforce&psig=AOvVaw1y4s3jzaqx3SV10ihQuqFG&ust=1512014464319864
https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwiIiqex8-LXAhUQO7wKHfLaDO0QjRwIBw&url=https%3A%2F%2Fmedium.com%2F%40GAAero%2Fthe-basics-of-lift-and-drag-32b01a45a361&psig=AOvVaw0PIYHryyuxWSgxCtxQO7Aa&ust=1512014522714044
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwiTs7S7zMXPAhVCJ5QKHfPFBmEQjRwIBw&url=http%3A%2F%2Fwww.pprune.org%2Farchive%2Findex.php%2Ft-9825.html&bvm=bv.134495766,d.dGo&psig=AFQjCNGGbzM9oj9c_bdU-EKIzHlbx4bY_A&ust=1475823285111853
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjluIPCzMXPAhWJHJQKHfI5AH0QjRwIBw&url=http%3A%2F%2Fwww.pprune.org%2Farchive%2Findex.php%2Ft-9825.html&bvm=bv.134495766,d.dGo&psig=AFQjCNGGbzM9oj9c_bdU-EKIzHlbx4bY_A&ust=1475823285111853
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjluIPCzMXPAhWJHJQKHfI5AH0QjRwIBw&url=http%3A%2F%2Fwww.diam.unige.it%2F~irro%2Fprofilo2_e.html&bvm=bv.134495766,d.dGo&psig=AFQjCNGGbzM9oj9c_bdU-EKIzHlbx4bY_A&ust=1475823285111853
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjL76WUzcXPAhVDmpQKHd3VAdMQjRwIBw&url=http%3A%2F%2Fwww.rapid-racer.com%2Fdownforce.php&bvm=bv.134495766,d.dGo&psig=AFQjCNEnSDnchuoKJSmOWJ19-ccyGg4e2w&ust=1475823417091355
http://www.somersf1.co.uk/2014_08_01_archive.html
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjq--mRzsXPAhUGFpQKHemBDoQQjRwIBw&url=http%3A%2F%2Fvirtualskies.arc.nasa.gov%2Faeronautics%2F2.html&bvm=bv.134495766,d.dGo&psig=AFQjCNEAlWacsgzvGDXqI0GP7hCygHqc7A&ust=1475823744130998
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9.4.1 Surface Pressure Distribution
익형(airfoil)에서 양력 발생

Reynolds No.가 큰 유동에서 압력분포는 동압에 비례. 점성효과 무시할 정도

양력은 공기속도의 제곱에 비례

Fluid Engineering Lab., Jeonbuk National University

9.4.1 Surface Pressure Distribution
양력과 항력의 비(양항비): L/D=CL/CD

Fluid Engineering Lab., Jeonbuk National University

9.4.2 Circulation (순환)
순환(circulation): 

양력생성에 있어 점성이 중요한 역할을 하지 않으므로 비점성유동 방정식으로부터 압력분포의

적분값을 구할 수 있음

비점성유동 방정식으로부터 얻은 오류

(실제유동과 차이가 있음)

오류수정방법: 익형 주위에 적절한 시계방향 선회유동을 더한다

(순환의 합성)

Fluid Engineering Lab., Jeonbuk National University

9.4.2 Circulation (순환)
익형 주위의 와류

(후연와류)

(속박와류)

후연와류+속박와류= 말굽와류

http://hyperphysics.phy-astr.gsu.edu/hbase/fluids/airfoil.html
https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjdx7rX-oDfAhUb7rwKHZhcDyIQjRx6BAgBEAU&url=https%3A%2F%2Fwww.decodedscience.org%2Fwing-flaps-for-lift-augmentation-in-aircraft%2F11831%2F2&psig=AOvVaw2K3xWsREK7bjxt-iGlhmp5&ust=1543833646139605
https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjdx7rX-oDfAhUb7rwKHZhcDyIQjRx6BAgBEAU&url=https%3A%2F%2Fgfycat.com%2Frewardingvictoriouscommongonolek&psig=AOvVaw2K3xWsREK7bjxt-iGlhmp5&ust=1543833646139605
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjb7Mn4z8XPAhVEGZQKHeVZBvIQjRwIBw&url=http%3A%2F%2Fwww.wykop.pl%2Ftag%2Flotnictwo%2Farchiwum%2F2015-01%2F&bvm=bv.134495766,d.dGo&psig=AFQjCNF5a5YG0HH6oKYRAsAwoCWwJSZhqQ&ust=1475824260146488
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjQyOD23MXPAhXFn5QKHSBzCIgQjRwIBw&url=http%3A%2F%2Fffden-2.phys.uaf.edu%2F212_spring2011.web.dir%2Fkodiak_cullen%2Ftrailing.html&bvm=bv.134495766,d.dGo&psig=AFQjCNGJl0HD8SsX6-S-FZCPIG2fgZLk9A&ust=1475827701879677
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9.4.2 Circulation (순환)
Magnus 효과

Fluid Engineering Lab., Jeonbuk National University

Homework #4
Problem set for Ch. 9

2, 8, 12, 20, 26, 

28, 36, 58, 72,74,

84, 102, 104, 114

(14 problems)

제출기한: chapter 9. 시험 보기 직전

http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjK7PD44sXPAhWIX5QKHSibC7AQjRwIBw&url=http%3A%2F%2Fwww.popularmechanics.com%2Fauthor%2F12676%2Fmichael-rowe%2F&bvm=bv.134495766,d.dGo&psig=AFQjCNGMry1ehiI_R-b1YPekDW0slxjJ8Q&ust=1475829294002610
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