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Learning Objectives in Ch.9
4
(v identify and discuss the features of external flow. h
v explain the fundamental characteristics of a boundary layer,
including laminar, transitional, and turbulent regimes
v calculate boundary layer parameters for flow past a flat plate.
v provide a description of boundary layer separation.
Q/ calculate the lift and drag forces for various objects. )
g L J
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Ch. 9 Flow over Immersed Bodies

9.1 General External Flow Characteristics (21285 E4)

9.2 Boundary Layer Characteristics (AHIE §4)

9.3 Drag (85)
9.4 Lift (%)

9.5 Chapter Summary and Study Guide (22 & 3H50HY)
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S. Classification of fluid

Viscosity

Inviscid fluids
(ideal fluids)
pu=0

{ Re_PD _ Inettial force
H U viscos force

u v Fluid velocity
T=pu—=0
T
DV =
2V A
ot = A

Viscous fluids

Newtonian |E> N-S Equation

w=0

e

u
Incompressible TEH oy

Compressibility p =const.

B0
- ot
ov_

Vel Ot :;f—Ap+yV2\7+%yV(V-\7)

Compressible

fluids

p # const.

E> Gas dynamic (Ma>0.3)
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S. Scope of each chapter

Laminar & Turbulent flow in internal viscous flow: Ch.8
Laminar & Turbulent flow in external wscous flow: Ch.9

Conti 1m Mech 3 pVD Inertial force
ontinu echanics H =
Flui H u viscos force
( luid f|0W) H

[ éMa
Inviscid (u=0) [r=x2=0
B

v _ Fluid velocity
“a  Sound speed

viscous(u#0) |T=n—= H
Hagen-Poiseuille’s law Laminar | | Turbulent Davcy Weisbach’s la}
2 -
Q= 128p|(p, p,) (Re < 2,100) (Re 2 4,000) h= ) Zg
I—l—, Moody diagram
I Incompressible I I Compressible I | Internal | | External |
p = const. p # const. ]
(Ma<0.3) (Ma>0.3)
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9.1 General External Flow

Characteristics(21 £ 8 S EAM
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S. Summary of internal flow in Ch.8

Internal flow(Pipe flow) can roughly be divided into two flows
The transition between the two is when the Reynolds number is approximately 2,100.

v'Laminar flow — Hagen-Poiseuille flow

R* d*
Q=j(p1 pz) 128, I(p1 pz)
v'Turbulent flow— Darcy- Welsbach—>Moody diagram(Ap HI&hH

Moody Diagram

adig artiwpy

Muterial € (mm)

Revyolds Number, Jie

9.1 General External Flow Characteristics

VIR QS (External flow)0| &
SHIOL M0l M0 2loH samm A= FSEE AL 8lE |/8) o it fore

Ol: 2 Hl: BIIXISAL HIHI| S)-37I28t(Aerodynamic) gravitational force
Vv

Ol MI(Two fluids): BI1 X & (bH, UH EWE JXE) >Froude number T

SETo o T

S0 QHI0l 32 B9 WE, WH FXE S

VAR ]S (External flow)0] SX U FQ B4
BHIB(Boundary layer) @d: EXl FHl S =S FE0l= T (MHH &)
Drag and Lifting forces &M T HH0H I8t 8™ M S (7 )0fl 719(z, 2l ME3k
+ & (Drag force) : HH MEHSH(r,)A HEW (BHOFER)SH+ZJA)

+ YB(Lifting force): SHI 42| HIHZ M0 QloH LHol= HAHERE EFY)
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9.1 General External Flow Characteristics

VOISR S(External flow)0] 28 X XH= &N
32T U HY FY RS0 I

¥ |

/ | » ,

4;_<::>-1 44,4==|g4ﬁ;-£»d—§55==!!;
@ w o

(a) two-dimensional (b) axisymmetric (c) three-dimensional

SN g0 LE 27
+ RUE Ehi(streamlined body): EHl &1 HETI=E |FM0| LXIOHs =X
+ HIR MY EMI(blunt body): EM F&it |FM0| LXIOHX Z= SHI

Non-Streamline Shape

Streamline Shape
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Example

Example 9.1 Drag from Pressure and Shear Stress Distributions

GIVEN: Air at standard conditions flows past a flat plate as is indicated in Fig. E9.1. In case (a)

the plate is parallel to the upstream flow, and in case (b) it is perpendicular to the upstream

flow. The pressure and shear stress distributions on the surface are as indicated (obtained either

by experiment or theory). ‘ 2

FIND: Determine the lift and drag on the plate.

SOLUTION -

(a) With the plate parallel
to the upstream flow

L= _J.lop pdA+ .[bouom pdA

L

p=0 lgage

12m( 59x10°° )
D= Lp A+ [ 7,dA=2 Lp rdA=2[ | =N Tm ](3m)dx =0.77N

=\ X (OreE)
(b) the plate perpendicular to the upstream flow e
= — = s OIS et R01X]2
L= J g Tu0A jback zudA=0 . @z o0=e=RH )

06 y 2 2
D= pdA—J.bM pdAzsz6 36|17, [N/m* — (43N /m" (3m)dy

front

=280.5N (x=gray)
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9.1.1 Lift and Drag Concepts

v&&(drag force)lt 2=(lifting force)O] Al
ENFHENS) /8 E4:
1) EM FH ST ZHS SN SM B HHHETSE(r,) LM - D1EYE oy
2) S SA0 M M A LM oo o uhl
3) SH A0 WE SHI F8 ST AT oI5 242 Wi

sin(90-6) =cos &
co0s(90—6) =sind

¥

) pd. = pdAcos&
dF, = (pdA) cos 6+ (z,,dA)sin & (90-6) ‘;' %W/

dF, =—(pdA)sin 6+ (z,dA) cos v @ Tos80-0)=sin0
D= [dF, = [ pcos@dA+ [, sin GdA \

L= IdFy :—_[ psin 9dA+_[rw cos dA WQ,\

X
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9.1.1 Lift and Drag Concepts

vt} |=(drag coefficient, Cp) & L= H|Z=(lifting coefficient, C, )
o o SN AN 022 2 A BHQ MUSH BRE A=A

MM 20 2 28 X SHH+E FHAOH0 A2

D= [dF, = [ pcos@dA+ [z, sin 6dA BT
L=J.dFy :—I psin 9dA+IchosedA [jj
_ L - D o
%pUZA %pUZA *\cﬁ

0{JIM AE frontal area(FEHA, T HA)A |9

Pranform Area n

C,
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9.1.1 Lift and Drag Concepts

Ex: Boing 747-2002] 228 HIAH 0l
§Ql 747-200 0] 11 40,0001t (2F12km)0fIM
EY(cruising) & IH2I HIOIE
- SF QI BE(S) (HN) : 511 m?
* p(BIIYLE) : 0.30267 kg/m® @40,000ft (12,192m)
v (BE): AT 511 km/h (265.5 mis)
* CL (¥HIF): 0.52 @2.4° LG
* Weight (B&) : 289 ton
L
1
2 PUTA
Lift = 0.52 x 511 m2 x 0.5 x 0.30267 kg/m3x (265.5 m/s)?
=2,834,600 N (kg-m/sec?)
= 289,245 kg;
=289 ton

C. = - L:CLx%pUZA
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9.2 Boundary Layer Characteristics
(BHIEC )

Ludwig Prandt!

(1875- 1953), A German scientist.

In 1901 Prandtl became a professor of fluid mechanics at the technical

school in Hannover, now the Technical University Hannover.

In 1904 he delivered a groundbreaking paper, Fluid Flow in Very Little

~ Friction, in which he described the boundary layer and its importance for
drag and streamlining. The paper also described flow separation as a

result of the boundary layer, clearly explaining the concept of stall for the

first time. The Prandtl number was named after him.

py_ V. _ Viscous diffusionrate kaine"mic,v.ls?osny Ele?
«  thermal diffusion rate ¢ el disity (m°/s)(=k/pc,)
 :dynamic visicosit y(Pa-s)
=2 k : thermal conductivi ty(W /(m-K))
k ¢, :specific heat(J /(kg- K))

p:density (kg/m®)
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9.1.2 Flow past an Object(EHIEHN 85) |

v QIS RS (External flow)0l FEES OIXI= ¥ Re = oo o
Re_ AVD _ [Re <<1: Stokes flow (R0 NIth= 2¥& ©8) SR
T 4 |Re>>1: (A0 XIS QS W)
V <100m/s)

U {Ma <0.3: incompressible (0.01m/s<’

Ma=—= ;
¢ | Ma>0.3:compressible

Fr :L(for free surface) [
Jor =
ReNo. Z)K 1% 8S) -
1) BAHIS0] SFOH2ICH
(YIS0 S0HEICH

2) ZNS el By

EEELIET)

“rn

sy
=
=
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9.2 Boundary Layer Characteristics

v'Why is the boundary layer theory important in the fluid mechanics ?

Euler Equation N-S Equation
b , N &4 (DY - - -
sie N B [ = - Lvpew i Liv(e V)
* = Stokes Dt P 3

equation

=f —1Vp+vvz\7 (for incomp.)
P

- DV N o\
d=——=—=+ »V) \
Dt ot
Ol 9.18 &I Xt
(D’alembert paradox) -
Euler > Navier
equation = Stokes
equation
Slip condition ) No slip condition
No viscous effect With viscous effect
No rotation (curlV=0) With rotation (curV#0)
(potential flow) simplification Very weak rotation

Very high Re. No.
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9.2 Boundary Layer Characteristics 9.2 Boundary Layer Characteristics

vPrandtl’s experimental results vBHIS AO|(Definition of Boundary Layer)
Reynolds No SJ1 —> ZHI50] SO0I(HFE2 FSEO0| HIH SSS 1) UM =8 2N A0 2 0] HAZ 0kl HSJ= &2 3H UEUE
High Re No(ZAI=0] XIUH=)0IA 1Ml S 2H0AME A0 ZHH 210l S BB BNS: BAS H ST EEE2 01 018 WIMEID  (Fowtera
YN0 HSIt= 2001 3 ZHE0k= &2 BAHS0| EWHBES U3 o  Continuity eq.
XM O = 0104 (/i 2 c ago [ MBHA Ol Mm pL BHS 2N No viscosity, sETCR,
HUgSHY(Viscous flow)2 F HAUOZ LIF0 HAE = ASS MY Re-2- w sl=ss au No rotation : potential theory
) 2S5 2 TN 20 VO0] HAZI} MK Kt “ s U rrs s =0, Etbr e potntil fow | Pressure
- . . = 2 q.
i) HIMY Q- HUDNE PAY + A= A HY (outer region, free stream) At m— ZX _______________ permoullieq. |
=0. = u i
Z, 2SS HIEY R50F 0 (RMARIDI AL E 29 309=09% wry 220 N-Seqealfow) [Fowhed
t v t L w1 With viscosity, S @, e
] _-I = 1 o (x) Boundary Layer With rotation Pressure
L S B I e By e e R LR B , = - ST |
bl ™ i L, 1] = *H20= I RSB0l
Jportice THOH N-Seq.8 XI™ =
—1 — N
— w=a B * Intr h n f Boundary Layer
- v : e 7’7"-4\'7»;' ANZ 9 troduce the concept of Bou daEy ayel _ -
,{/ : 7 —— OIZHIZERS) I &NEHLRS)E HZAMA F=E R I28HHY
—
2k Laminar boundary i Turbulent boundary N-Seq. HE0] 22 Y RSN (A E IS0 ti== 48X JHE
e . ZZ HEQ TS WKMol AIXE ONE
x=0
Fluid Engineering Lab., Jeonbuk National University El Fluid Engineering Lab., Jeonbuk National University El
9.2 Boundary Layer Characteristics 9.2 Boundary Layer Characteristics
v'Growth of Boundary Layer (Boundary layer is a function of x-dir.) v'Transition of Laminar boundary layer into Turbulent boundary layer (8)
Uy
- « pressure gradient
17 BL: * surface roughness
_ e i "« heat transfer Vx V.
P ~1- . X VX
e e turbulent ‘ Re. No. on a flat plate = 22 =YX
: ) = B0 T a v
T ritical Reynolds No.
- &TI0I JPZH BRSt BHES FH 4 |
Laminar Transition H Turbulent Law of ", i Re, . |=5><10
BL 5 rigllofos - BZL — wall region 3 é*l-“‘"i“‘“ , Note : order of magnitude
e, =1x e, \leos Doy <siu oy ; v : i+——Turbulent—— {Chord of airfoil :1m
~3x : —_—
— ] ) ) : . | H S(x) of BL:102m((1Im
In BL, both inertiaand viscosity forces are important equally— Re No. is key variable L e L L B e i e s - ® «
0 5 10 15 20 25 30 35 40
PVX VX
Rex = u =7 = local ReynOIdS Number Thickness of BL is too thin and the length of transient region
is too long compared to laminar region.
Presence of transition region: ex) when U=100m/s, BL is appear at 0.43 < x(m) < 0.58 FAS0l HL HTHs A2 Prandtl] FLTH ASANY (IHL HE HL SN 429
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9.2 Boundary Layer Characteristics

v'Thickness of boundary layer in the case of laminar & turbulent flow
5~ (o : thickness of BL or the length of momentum diffusivity)

o
\ X
X=Uut —>t=—

00\

’VX
‘ (HE20IM 838

Air properties at 20°C

s —1205(kg" I
Z~_— or[s(x) ~xRe : (in the laminar flow) pur=12054g /M)
X 2 My =2.0449x107 (kg™ /m-s)
Re Vo = 16971075 (m? /5)
s 1 <
—~— or |5(x) ~xRe * (in the turbulent flow) U=10m/s, air
X B -
Re?®
2 X 3
8()=CrnaXRe * =Cin oz
2
8(X)=CuenxRe * =Coy £ 55 ;
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9.2.1 BL Structure & Thickness on a Flat Plate

1) Displacement thickness (HHHISHI, 6, or %)

y U Ideal velocity profile Us I‘II MM =AM ZHISO0 00 HHEIE
u(y)=U (]| A20l= XIS QS (free stream)0ll
/ I - Ai SH.
Velocity deficit oS [12= SHI0M HHISH S
Aq=U-u(y) 012, 0142 SHZ &N UE + U
. o) S8, HEJ I UL &
= Aq
TR
(a) b}

(a) Aq =j:u0dy-j:udy :E‘(u0 —u)y (for unit width b)

gumozs - 1;

~["Uudy-["U.dy=[*U.dy= - 3

©) A= sty = [ Uty = [ Uy =Ulyl =Uid { o i

U051=_f:(Uo—U)dy [ u=u, aty=o
I Jeu

o u 5 u P9 =0 at y=o
a-lg pret-5 i

u<<Ujat y<o

Fluid Engineering Lab., Jeonbuk National University El

2021-02-12

9.2.1 BL Structure & Thickness on a Flat Plate

vBAS )HIJ HO|(Definition of Thickness of Boundary Layer)
b ] o(y)=0) S22 E SHl M40l HE0| OIXl= 2 (u(y)=0.99U) DEXICl Hal.
2L ERlore o0 S (o)o0 $90)

Free stream 2\
===—-u(y) =099 WHAT IS A FLUX?
The transfer of a quantity per unit area
per unit time is called a flux.
Boundaryayer 5()() The boundary layer plays a key role in
Bickaoss transporting quantities such as:
mass flux , heat flux , moisture flux ,
momentum flux , and pollution fluxes

Vetocity vector

o Distance from wall ——s

wall

Velocity ——

vINE A AHIS FH(Conceptual Thickness of Boundary Layer)

1) Displacement thickness (HIXISHI, 6, or %)
FOI: O LEMME

f o=ar =
2) Momentum thickness (252 FM, o,0r 0) comEsiH S

3) Dissipation energy thickness (AXHIXI SHI, 6,)
Ml ZHS FHEe= 8 24 2E UE=H R |8
JEL BHE SHE 2ERB0IL 25T SHA 2 HUXIQL HBAA Q20| W
MM JHEX SHQ HHSHEERE), 25 FHERSE), 2L401UX FHIE AL
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9.2.1 BL Structure & Thickness on a Flat Plate

Displacement thickness (HHHISHI, 6, or 5%)

(Inlet & centerline velocity )

(BL velocity distributi on)

(Turbulent BL thickness )
(Y2 FOHOF Z 34))

Find: (o= Pa)ysm =2 v =145x10°m? /s
Solution: 01 SHUME Z& b2 JHe
) ) (00l thet 2HS °'2.‘ SAIOLXh .
U U | b | Assumption s
________ T — 1) Steady flow
! i ]
| i . 2) Inc.orrpress ible flow
N | | ! 3) Uniform flow
|
?1 ”””” : 4) Nofriction_effect
() Actual velocity profile (#) Hypothetical velocity profile (¢} Cross section of
wind tunnel
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9.2.1 BL Structure & Thickness on a Flat Plate
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Step 1: Checking the d(x)

1/5 5 1/5
5203704 | =0370x5(m) LA2X10TM S |6 4750m
Ugx 25m/sx5m
h . AR
o 3 (flow is under developmen t) SETt L]
E3
Step 2: basic equation (continuity eq.) r 2:::Elflﬂ§a?;§n

5 P il I ETET
0= v+ [ oV dA=[ oV -dA=pUsh, = pUA,

From Bernoulli equation (ZHIZ #2 &5 I ETHOIX| 222 010 §12)

% V7 HHHISHIE 0120t Malet
%+71+92{:%+72+/ng ( )
2
V,
P =P, :g(\/z2 Vlz)_g\/f[[vf) - ]
U 2 2
=2z-u2)=Lu? 71]=£ug(i 71
2 2 °|\u, 2 °|A

9.2.1 BL Structure & Thickness on a Flat Plate

Fluid Engineering Lab., Jeonbuk National University

From Continuity equation LI 7N s
PUA, = pU,A, h\ 2 5[1_§J:§
A=bh, A =bh-25)} T 0.0759
pUbh = pU,b(h—25,) = m=0.00949m
U poh b
U, pbh-25) (h-20) Y __h 0.3m
y U, h-25 0.3m-2(0.00949m)
n== — dy =7 OIS £2) =1.0675m
R, S
17 2
5 u u y _Pye [ A
s =[1-—fdy, —=[2 P=p=25Uo| | 5z |71
g ) e
1 “/m?®
= [[a-n""Jsin =%x(25m/8)ZX
1
1 N-s?
7 1.0675) —1)}——
=5n- 7'17 <( ) )kg<m
41 =53.64Pa
7 Jl
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9.2.1 BL Structure & Thickness on a Flat Plate

2) Momentum thickness (2 & FH, 6,0r 0)

BHS YWHY2Z HHHIE = 2530 SOl= HIEY|RSEA FM
b i3 “'Iﬂo%’é'%‘
3
publ

M real — Uj‘wwbdy
sl AM UHRSEZY NIRRS 28T
7 T M e =V, [ puibdly

b}
(a) momentum loss (AM) = UD_[: pubdy —uj: pubdy = '[: pu(U, —updy
(b) momentum (AM) = pU’Zbs,

pUZDS, = [ pu(U, —udy Note: HHRISHI

ST o g e e

9.2.1 BL Structure & Thickness on a Flat Plate

3) Dissipation energy thickness (&AM X| I, 65)
BHE U f5 L2522 21010 HHXIT= QlUXI&& 20 4Sol= Xess FH
- = @UIM BRI of
=ler]
p 2
Ed

‘ = dyE Sliol=s RSE

LAl U2
(s AE pubdyh, = {[%] + 7" - U?j}pubdy

:E(u2 —u? ubdy (XL S
zsooz)

(a)energy loss(AE) = _[ pubh, dy = j (Ug -u?) pubdy == p_[ & —u”)ubdy

(b) energy(AE) = Epugbé3 (e% mvZ= %pAW 2= E,oV 3b63]

2 U, = [ (U2 -1 ubdy > 5, - Iy [ [Uuojz]d

Note: =l Hlxl

Sy

Fluid Engineering Lab., Jeonbuk National University El
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Example
Example 9.3 Boundary Layer Displacement Thickness
GIVEN: Air flowing into a 0.6 m square duct with a uniform velocity of 3 m/s forms a boundary H H H
layer on the walls. The fluid within the core region loutside the boundary layers 2 flows as if it MOtI O n Eq u atl O n I n B O u n d ary |ayer
were inviscid. From advanced calculations it is determined that for this flow the boundary layer = O
displacement thickness is given by 5~ = 0.004(x)"? where *and x are in meters (g ”I F— - % tg‘xo.l AI)
FIND: Determine the velocity U=U(x) of the air within the duct but outside of the boundary layer.
SOLUTION o= | Vcaus s imseant
U,A =3m/s(0.6m)? =1.1m* /s:I(z)udA = T,,_,,;n;:d_wg,: } . S Note :
1.1m% /s :L udA=U (0.6m—25")’ — I e | 2 rough—-esnmated magnitude (L vs 9
@ - for Iamnar flow (Re, <10°)
1.1m*/s =U(0.6m-0.008x"2)? e e
) s pe ] —=—- for Re=10°
“ 06 0.008 72yz M/ ] Re, =1x10° X R
(0.6m—0.008x"<) i | ", - , & =0.015x (Namely, about 1.5% of x)
1 - 1 ) B B 3 i ; i*l,un\inur 1
‘*’EPU1 = P2+2N2, (p,=0,p=1.2kg/m’) : v o
D Transitional 4
1 2 2 1 2 1.2 0 .#,—f“ﬁ?,—‘__
P =5 p(U -2 ):Ep[wm/s) ~ Bem—0.008& ™S AR A AP A AL AR v
=—2.12N /m?(at x = 30cm) Basic assumption for BL approximation is that the BL is very thin.
Fluid Engineering Lab., Jeonbuk National University El Fluid Engineering Lab., Jeonbuk National University El

9.2 Motion Equation in Boundary layer 9.2 Motion Equation in Boundary layer
v'N-S Equation for incompressible flow 2) Boundary layer approximation (@HI%ZEAI: =92)
u 0 1
- CR' g =
Continuity eq.: V-V :(Z—u+@+?]:0 (for incompress ible flow ) . x L2 7« &
ey @ b 1 o’
. bvV_ 21 - g oyt 5
Momentum eq..pﬁfpg—Ver;NzV +§;N(V~V) 0 — X oy
- au eu  1lop (o S
1) N-S eq. in 2D flow and Basic assumptions Momentum eq. : @ (x-dir) ua""'@ _;a*"’ oyt
i) 2D flow, ii) steady flow, iii) No body force iv) incompressible flow
Continuity eq. : 87U+@:0 - —+—=~0 > vx-——u
Continuity eq. : @4-@:0 () ox oy L
ox oy
2 2
Momentum eq. : X —dir : ua—u+ a—uf—la—p [6—2 ou j -(2) *
ox oy  pox ox Momentum eq. : @ (y-dir) U;ngJr ;ZO :—la—p (&Z %Z
y —dir : TRV XY ﬂ+a\zl (3 =, p=p(x)
x oy puy o€ _ygpw%.op o, _do
p oy oy X dx
Fluid Engineering Lab., Jeonbuk National University El Fluid Engineering Lab., Jeonbuk National University El
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9.2 Motion Equation in Boundary layer

2021-02-12

3) Pressure within BL Summary of BL approximation:
o o ap
d [7((7. v((u, f~0%p:P(><)}
PP, p=p L SRR )
ox dx

o Ovterflow Lp, Pressure change across a BL is negligible
Boundary layer / Py
— Applicable to asses the pressure of outer flow
0) op d
»_,  op_dp
oy ox dx

X Pressure across a BL is the same as out flow,

We may apply Bernoulli eq. to BL equation in x-dir.

2
P iu e
%0 ,Z/

Plyec
\ p 2
g e 1dp U— 0 L 1dp_ g du
p dx dx pdx dx

9.2 Motion Equation in Boundary layer

Fluid Engineering Lab., Jeonbuk National University @

9.2 Motion Equation in Boundary layer

v'"Motion Equation in Boundary layer (BHIS S WA Al

- ou  ov &, & p ]
. . WY G wZ P,
Continuity eq. : 6x+6y 0 7 Y v{(u py
2
* Momentum eq. uai u —=U diquVaiu‘ ,idjz du
53/ dx 2 p dx dx

ol

Boundary Layer Equation (ZHl
«Parabolic type(ESM HHHAl)
RSEEEOIRIM 4FE H (F, 0lRE ZEJH MIEIX &S, XII%0l ER)
<3WHO| FAXAHI AR EMEIILHS HOHA

Note: Parabolic and elliptic type of PDE

Navier-Stokes Equation Aa’lzj ol c‘l’ b-0
- Elliptic type(EFIS WAl > Poay oy

-QEMWI} 7 MA0I M (EHU K E)  —4AG =0:Parabalic type

B?-4AC <0: Elliptic type

<480 QESHEIIER. BHEIDI S S&

(R Xl Dot ZL2E HIQIota = 0HE 7017 0212 DS X X1 0HJt E=H)

Fluid Engineering Lab., Jeonbuk National University El

v'Motion Equation in Boundary layer (BHZSSWA Al

o . ou oV & »
« Continuity eq. : &+5—0 (axz « P v{u, W J
2
*Momentum eq. : uafu \/(’}u= d7U+V67u' _idipzudiu
oy dx  oy? p dx dx

SUE P BHS2 ML STt (<< L)
Note: 2D N-S Equation for Incompressible Flow

ou @ -0 (1)
x 6y
2
« Continuity eq. : x—dir : ua—u+va—u —£@+ —2+— -(2)
ox oy pox ox? oy’
2 2,
* Momentum eq. : y—dir : u@+vﬂ7,l@+v 6\2/+67\2/ -+(3)
x oy poy o€ &

Fluid Engineering Lab., Jeonbuk National University

9.2 Motion Equation in Boundary layer

v'Solution of Boundary Layer Eq.(Z2HIZ 2S5 WA AI0| H))

« Continuity eq. : 67”_‘_@ =0 Pressure gradient term
oxX oy
740 2
« Momentum eq. : ua—u vaJ:(U d7U+V67u‘ ,idj du
oy _dx/ oy p dx dx

1) Exact solution for Laminar Flow : Prandtl & Blasius’ solution
2) Approximate solution : Karman-Pohlhausen’s Method
(called as Von Karman’s Momentum Integral Method)
i) for Laminar and Turbulent
ii) for without pressure gradient(dp/dx=0) and With Pressure gradient(dp/dx=0)

Laminar flow Turbulent Flow
Method
dp/dx=0 dp/dx=0 dp/dx=0 dp/dx=0
Exact Solution o
(Blasius solution)
Approximate solution
(Von Karman MIM) O 0 o o

Fluid Engineering Lab., Jeonbuk National University El




Exact Solution of BL Eq.
(Blasius Solution for Laminar BL)

Laminar flow Turbulent Flow
Method
dp/dx=0 dp/dx=0 dp/dx=0 dp/dx=0
Exact Solution o
(Blasius solution)
Approximate solution
(Von Karman MIE) O o o O

Fluid Engineering Lab., Jeonbuk National University @

Exact Solution Method: Blasius’ solution

Blasius performed a transformation technique to change the set of two partial differential
equations(PDE) into a single ordinary differential equation(ODE). He solved the boundary layer
over a flat plate in external flows. (No pressure gradient)

To solve the PDE, introduce similarity parameter, 5

3 = . 9 v VX
—ocRe, 2 for laminar flow —» —o |— — 6~ |—

X (REoHA Zap X \Ugx U,

Blasius defined new non-dimensional similarity parameter(y) as

y / Y _yloy Yo
’75—)’73/ [Uﬁyxdyvx

) ) oy oy
Introduce 2D stream function definedas ; U=——,V= 7&

Rewrite continuity eq. using the stream function,

au @ 0 [011/] 0 [ a—wjzo This result shows that the stream function

ox 5y ox\ oy ) oyl ox is satisfied with continuity equation
by chain rule automatically

Fluid Engineering Lab., Jeonbuk National University El
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Exact Solution Method: Blasius’ solution

v'Exact Solution: in the case of pressure gradient dp/dx=0

Assumption : U, = Constant, % =0 (No pressure gradient )(see below schematics)
X

Boundary layer equations :

- ou ov
« Continuity eq. : —+—=0
ox oy
ou ou 5 u(x,0)=v(x,0)=0 at y=0
* Momentum eq.: U—+V C:
OX 8y 3y u(x,) =U, at y=oo
If Uy=constant, p,=p, at outer and inner regions of BL. Note: Euler’s eq.
Y Larbear oy | . Framsiion s, turbelcat bosmdery Pl c
b p 2
2 1dp, ,dU_,
- Tusbulent |2 OX dx
- layer
- Overlap | idj: ’Lufo
.3 Buffer lay p dx dx

Boundary layer thickness, 5

Fluid Engineering Lab., Jeonbuk National University @

Exact Solution Method: Blasius’ solution

Dimension of ywmay be determined as the multiplication of velocity and distance]
Velocity : U, Note :

W
>y ~Ug [— ~ U oy
Distance : & ~ Uﬁ v U, o U= — Oy =uxoy
0

Ly =Uwxf(n) > f(n)=

(Non-dimensional stream function)

174
JUgvx
Summary
y =JUwxf(n) >y ="1(xn)
n=y & —>n= f (X, y)(q transform two parameters (x, y) into one parameter(y))
VX

by chain rule

oy _oy onoy __, /‘/’\ Note: .
oX Ox Ox On —n w=1t(n)0px =y 4
oy 0Onoy ‘

—=——-—""=U 577 Yo
oy oy on y R X

Fluid Engineering Lab., Jeonbuk National University El
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Exact Solution Method: Blasius’ solution
%i?% u@ﬁmw%ﬂ@wowwmﬁmw
n o VX ———= U
u_ o, au, ., o . W(XvY):Y\/%
Ao ) =5 U5 () ot
af( ) on " on ... _ or U,
=0+ o gfuof (n)&( U, = const) ax] ax(y W]
0, 0)(- )= 20, ) 2]
au o _ Yy 11
S ol B TN
8}’ ay( (U)UO) Vu[lz \/7]
o, ., of'(n) =N
=0 f — i/ W 2X
oy (’7)+U0 oy _a
00, ) 21y gn(yy [V N le
6y ay —_— [Xz]:izxﬁ

Fluid Engineering Lab., Jeonbuk National University @

Exact Solution Method: Blasius’ solution

=T g )2 )T

:_mg f (77)-*—5 f'(17)JUovx
= m(qf’(q)— f (77))

2X

2 Pt ()1 ()
Summary
=t > ()= v %) 1)

o

U u au aa U, 2 Uz,
Zo_Huy,f My, f(n) =2, TU_Yo ¢
5 2% 0 ( ) 5 0 (’7) Py " (’7)

Fluid Engineering Lab., Jeonbuk National University El

2021-02-12

Exact Solution Method: Blasius’ solution

ou o (au 0 V]
RAITR L ~o
P ay(ay] ay[ (n) vx]

o f 0 )
vx VX r?y
o4y, L X () on U £7(p), [
vX on oy VX VX
Uz .. )
:7f (77) Note: Stream function
VX N
Oy oy ondy __
oXx OXx Ox on
% oy 0on oy Oy _0on oy
VT S0 [t A bl St & - == A =u
oX oXx ox on oy oy on

:’{a%( vaf(n){—%](f’(ﬂ)«/m)]}

Fluid Engineering Lab., Jeonbuk National University @

Exact Solution Method: Blasius’ solution

Substitute these results into momentum equation
, , u 1[u ,
=t > )= v=5, ol () £ (7)) N

M By e Yy () Yo 97U "
o~ 2t ) Y Uo o) Ter 5 "(n)

vX B X
2
M gy 3{ /U" U,f" / U ¢
2X 2
2
M g, L fU nfU " / / o’ fy / U—“f
2X 2 X

Fluid Engineering Lab., Jeonbuk National University El
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Exact Solution Method: Blasius’ solution

2021-02-12

2 2
f fr +1U—17f fr— Yo f’f":U—Of”’
2x 2 2 X X
=0
2
107 1 pn U g
T2 x X
Liicngn
2

Therefore, the original x-momentum can be written as below upon simplifications.
Note that this is an ordinary differential equation with # as the independent variable

and f(y) is the dependent variable.
Boundary conditions

2 y=0at y=0
J2tms =0 or 280 8 g Y _gas y=o| @100
d®  dpy o
éI—W:U at x=0

3rd-order non-linear ordinary differential eq. (ODE) oy

instead of PDE W _yas y=oo
oy

Exact Solution Method: Blasius’ solution

Fluid Engineering Lab., Jeonbuk National University @

Exact Solgtlon Method: Blasius’ solution

e R A

VX U X U,
when =5, 3 _ - Y g9
dn U
5 5
X, 5 -
ns(xy=8)=" =
. kot Potle Comparson for a Lamsnas X e
— Blasius
Ble o st (Roe, 2nd Order)
7
of
= ’ Thickness of BL, &

' %\/elocity profile

a7 o) a6 os
u/l,

Fluid Engineering Lab., Jeonbuk National University El

To solve the 3rd-order non-linear ordinary differential eq. (ODE)
we need three boundary conditions.

i
2"+ £=0 — mo
—
Transform BCS on x,yinto on » <A‘x:0‘w):0 Aty =0 (on wal),

),
u =v =0 (no slip condition)
@®y=0 n=0[n—¥ y4/ ]

u=v=0 f'=0(u=0=U,f'> f'=0)— f'(0)=f (0)=0

Bcs:) ¥=0 f=0(y=1f(n)xU, =0 —f=0)

- ool neY oy Y
@y= n [77 5 yJ;]

u=U,  f'=1(u=U,=U,f" o f'=1) - f'(e0)=1

by using 4th Runge-Kutta integral method, we may get the solution

Fluid Engineering Lab., Jeonbuk National University @

Exact Solution Method: Blasius’ solution

Using the alternate definition of 5, we may get the thickness of boundary layer:

77=X= $*> ﬂzs(x,y=5)=é=§ﬁab‘:q:s*}é: 5 = 51= 5
5 VX 5 w Uy, X UX Re:3 Re

VX 14
The wall shear stress, 5, may be written as:

5 (V<< u; T from table e
u u

T, = — =u —| =pU, [ =, ><(0332,' 0.332 =

[ay gjy:o [ayjy:o Vvx dr? =0 JRe,

The skin friction coefficient is defined as the non-dim. wall shear stress:

0.332 pUO2 Exact solution Approximate sol.
Co=_Tw _ Re, 0.664 6_ 5 o _ 346
! LTI L Re, x  JRe, x R,
2 2 . 0664 0577

The overall skin friction coefficient: " JRe, " JRe,

zfj(:d_zc _12& c, 138 o 1154

JRe, JRe,

Fluid Engineering Lab., Jeonbuk National University El
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Exact Solution Method: Blasius’ solution

Growth of the boundary layer with x-direction

5 5
X /Re

El

Mach_Number: 0.01 0,037 0.064 0.091 0.118 0.145 0,172

x

0—0.05 0 0.05 01 0.15 02
x

Variation of the skin friction coefficient with flow direction (x-dir)

©, Comparison for a Laminar Fiat Piate

C o Tu _0664 0664 =
- lpUnz - IRe, - U x o007 o o St% (Roe, 2nd Order)
2 v 0006 ’
C; decreases with the growth 0005

of the Boundary Layer * 0.002

0.003
0002

0.001

00005 05 810 015 020 045 030

z [m]
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9.2.2 Prandtl/Blasius Exact Solution

v'Blasius solution for boundary equation(ZHIZ WA Al), Prandtl©] HIX} (1908)
SACE LEHH W] ZAHIE SE2X: AKI0 2HIRI0 S L.
Kr2doiAiE S0l BHAE 28 = AUS.

12
U_g[ Y] 5 s~ Y2 28 woks sy=m ey By
U ) 27l asween »xuso o 8

Blasius= ZHIS LEAHIMYE BMOIEHS 20| A0l PR SAFQ FSSAFE T
12

oy oy

== v, v, , UY* () <~ u="", v=—""

0=(2] wrmeix i e =0 v
u=Uf >V fr—f

(@) (4Xj (nf'=1)
9 F AS ZHS SHA00 A0 MO HIMY 3Xt SOIB2WHAS S = AS
f=f'=0atn=0

2f"+ ff"=0, BCs:
f' >lasn—oow

Fluid Engineering Lab., Jeonbuk National University El
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9.2.2 Prandtl/Blasius Exact Solution

v'N-S equation for 2D, Steady, Laminar flow without Body force(Z% FAl)

yu, o 1op (U o . u,ou_g
X oy P X e oyt * 2D Continuity eq.: §+a
8\/ VBV 1op +v —azv +—azv E}IE WAl ell )

T, A WA (elliptic equations
RN BC A o

v'Prandtl’s idea for high Re. No. flow
BHAS2 R &) H20] WHOIM 2 STYES WA ST HEHD L AT
BASUM 2E IH¥S0| SZUACT H9lE2 KRSU0| HgigHM &M Ik
BT 20 BAHS SUIM LH2 SHIME 2 2FOICH

»_d_,
X oy

vAHIS WHA (D29LE N-S eq. for 2D, Steady, Laminar flow, without Body force)

v<<u and 9 << 9 (PrandtI0] XI2ket OLOICIO1),
ox oy

ou  ou

—+—=0

ox oy Cs- u=v=0aty=0
ou ou  du u=U aty=ow
U—+vV—=v—

X oy oy° TEM W™ A (parabolic equations)

Fluid Engineering Lab., Jeonbuk National University @

9.2.2 Prandtl/Blasius Exact Solution

LA Z LIENH HIME Xt &012SH A of: +=XI0hE T (2ALH)

Luaminar Flow
(the Blusius So

v along @ Flat Plate

) =yl o2 £l = uft

0 0
04 01328
08 02647

.095atnes”

60 09990
32 0.5761 < 10000

u o 5
f'(n)=—=0.9916 at n=5.0 5= 5/ =
() U n= - U

721

g 0 _ 0664 oot mot01et ZHE SHE S0
X ,’

? Re ' Re 5
J_X ; 51:!0[1* u}jy

Fluid Engineering Lab., Jeonbuk National University El
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9.2.2 Prandtl/Blasius Exact Solution

2021-02-12

Note:

n(x, y):% — dy=05dn

y U, 14 ' u

X, =2 = -2, f == f =

(oY) ==y T === T'ln=¢
G u oy 1 VX
S5 =||1-— dy=—"| (1-f’ =1.7208 ’—
IO[ Uoj Y a’7'[0( (ﬁ))d?] U,

0 0

a:jjuio[l—uijdy:%j: ) (1= 1 (n))dn :0.664\/52

7, =0.3320% |24

Approximate Solution of BL Eq.
(Momentum Integral Equation proposed by
Von Karman)

Fluid Engineering Lab., Jeonbuk National University @

Momentum Integral Equation of BL

¥In the case of U,=constant (without pressure gradient effect, dp/dx=0)

Y, u(y) Y, u(y)

-—
Drag = j.n 7,0x

(a) Mass conservation (b) Momentum conservation

1) Continuity eq. : 0:%1 pdV+Lsp\7.dA

assumptions : @ steady(o/ot =0), @ 2-D flow

Sm=m, = J‘j pudy

Fluid Engineering Lab., Jeonbuk National University El

Laminar flow Turbulent Flow
Method
dp/dx=0 dp/dx=0 dp/dx=0 dp/dx=0
Exact Solution o
(Blasius solution)
Approximate solution
(Von Karman MIE) o 0 o O

Fluid Engineering Lab., Jeonbuk National University @

Momentum Integral Equation of BL

2) Momentum eq. :ZFX =Fg, +P§:=§{I UpdV+'[ upV - dA

assumptions : @ No body force (f,=0), @ free stream with U;=Constant
— No consider, (-dp/dx =0)

z F=F, :J' upV -dA (for unit width=1)
~[rdx=—[" puUdy+ [ puudy =~ [ pu(U, fU)dy

mu, = Uoj: pudy mu= j: puudy E

Inflow into CV with U,  Outflow from CV with u

Drag = |7, dx

differentiate both sides by x (because of dUO =0) (b) Momentum conservation

d s 2 dpsu u 2 d
=2 U, —u)dy = pu S Y- Y= U2 L s
Ty dX-[O pu( 0 U)dy [on dx %0 Uo{ Uoj y=pU, dx m]

Fluid Engineering Lab., Jeonbuk National University El
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Momentum Integral Equation of BL

vIn the caser of Uy= Uy(x) (with pressure gradient effect, dp/dx=0)

Note: Boundary layer is not streamline, so the flow is present through BL.

u, u(y)  Pedx u, uty)  (PV)U,

]

. ! - .

M ! f V1 VI

Powpm! - (p+dp)(5+05)
[ X

7,,dx
(a) Mass conservation (b) Momentum conservation

1) In the outer region where no viscosity effect is considered,

Bernoulli eq. :EpUOZ + p+g3ﬁ(: H (const.) Here, h is height from base line

in the case of free stream, ¢ is in disregard of h (. L>>a) (boundary layer is too thin !!)

d
Differentiate above formula by x : P comparing with Uy=constant)

(force due to op/ox does not appear
in the case of free stream with Uy=constant)

Fluid Engineering Lab., Jeonbuk National University @

Momentum Integral Equation of BL
—&p—7,dx =dM + pV,dxU,

d d .,
—5?5—TW MV
dau, _d o, d o
_5[—PU0 dx j—fw—&.[) pu dy—UO&L pudy

d oo d s du
7y =Ug [y pudy = [T iy +5p0, =

Here, since U;=U(x) is as the function of x

IpuU dy = [ jpudy)

d o
o&fo pudy

Fluid Engineering Lab., Jeonbuk National University El
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Momentum Integral Equation of BL

2) Continuity eq. :

a - - - -
O:ﬁ/vad\vL+LspV-dA —0=[ pV-dA
0 =—rh + (mh +dm) + pV,dx

U,
0= dm+ pVdx — 0= [ pudy+ pv, |-
= PVOX — 7dX"‘°puy PVo

d o
Vo =—&L pudy

iy PV,
_—8(x)

=0+ M

1 e (prdps+ds
H N

7, dv
(b) Momentum conservation
3) Momentum eq. (M=momentum)

Y F.=Fy = upV-dA
P& —(p +dp)5 +dS)—z,dx =—M + (M +dM )+ (oV,dx)J,
ps— p&—)d’ﬁ—&:ip—d}(ﬁg—rwdx =dM +(pV,dx)J,

—&p —7,dx =dM + pV,dxU,
(here, pdo<<ddp)

m

Fluid Engineering Lab., Jeonbuk National University @

Momentum Integral Equation of BL

d 2 du
T, = dxj pul, d dy +5AJ, dx"
_ajo U, )
Here, -[jpuody:puoé
d s duU. ¢
=i U, dXO b pUy—u)dy

Using the displacement thickness (6;) and momentum thickness (J,,)

SE e g

On

3

d du
= 3o el R

dy : Displacement thicknes
Jp - Momentum thickness

Fluid Engineering Lab., Jeonbuk National University El
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Momentum Integral Equation of BL

v'Summary of MIE
1) without pressure gradient effect, dp/dx=0)

7, = %iju(u0 ~u)dy (U, = Constant)
2) with pressure gradient effect, dp/dx=0)
7, :{,DUO2 W j%%[l—u%jdyﬁ—wo %J':[l—%%jdy] (U, = Constant)
:pu(f%&m +onddL)J(D Oy

Unlike the Blasius solution, which is exact, approximate solution method assumes an
approximate shape of the velocity profile. This velocity profile is then utilized to evaluate
quantities related to the governing differential equation, given below by Karman and
Pohlhausen. This method, which is called the momentum integral method, changes the two
equations given by Prandtl into a single differential equation. Integral momentum eq. can be

2021-02-12

Laminar Boundary Layer
without pressure gradient(dp/dx=0)

applied in both laminar and turbulent flow, because any assumption was applied.
Fluid Engineering Lab., Jeonbuk National University

Laminar flow Turbulent Flow
Method
dp/dx=0 dp/dx=0 dp/dx=0 dp/dx=0
Exact Solution o
(Blasius solution)
Approximate solution
(Von Karman MIE) O 0 o O

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Laminar boundary layer

Application of MIE-Laminar boundary layer

1) Linear velocity distribution using momentum integral eq.
- constant at fixed x
u(y) ;

« Velocity distribution:

U
0

d ¢ du,

au r= o U —uky 2 [ o, -ul
1—W:‘ua X X
du u d

y=0 =pU—[ —|1-— ldy = pU,* —36,
) odeUD[ 0, y = pU, X Om

— i 1 - ﬁ substitute this eq. into

- {;IUO ay [5)1:0 7|:,u b} :|H momentum integral eq.
U, 2d oyl y 2d |y ey
2o pU2— [ 1-L |dy =pu? —| [ Zdy-[ L d
"5 pU”deoa( 5)ypuodxj0§y052y

_ 4ot o zi(éj

=AY dx[Z(S 307 ) ™ e

_ s

6 dx

Fluid Engineering Lab., Jeonbuk National University El

U s920_ Py 4 do
Moo= 76 %% T 6kl 2 axl 2 )%

d(ﬁz]_u 6 u6 vx6
, -

2 2 2 2 S
_ AU 00 pU d [5—] Here, i[[g—jzﬁdb

ol 2) U7 0,
Solving the DE using BC : §(0)=0 The skin friction coefficient:
dfsh) e Y
5 6v SPUS ST
—=—X
2 U, 1
12 120 _vix_ 2 Reg 0577
== U, x5 Re, J12 H
U, Upx ¢ Re,>
) 12v  3.46 For linear velocity profile
IV TRV 1
x| Ugx Re,: [ 3.4? C, = 0.5717
X Re,2 Re,2

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Laminar boundary layer

Mean fanning friction coefficient(C,) for 0<x<L

d:lecde OSWIR 05 gy 0577 le 0577 505
LYo u

_ 1.154 For linear velocity profile
12
Re 5 346 0.577
=2C, X o1 Gim
Re 2 Re,2

Wall shear stress, t,,
1

. ’U X uUl ’U X
=u— =0.289 1S =0.289 5 70 px 7t [FOT
Tw ,u :ULJO 346 U, X v 5 U, PX v

1
=0.289Re, 2

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Laminar boundary layer

Introduce non-dimensional parameter : 77 = %(5'7: y — &n=dy)

2
. . u y y 2
« Velocity distribution: —=2| = |-| = | =2—
g U, @ @ n

c.|@n=0 aty:O‘ (”:11521)
@ n=1 aty=o [

j , o u=u(y)=u@m), n=n(y)

*» Wall shear stress, 7,
au
o

au aq]
=0

T, =H

617831

1ou 1 u
=u=A| =uzu,2-2y),,=2%U
5677]” . o ol 77)”:0 5 °

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Laminar boundary layer

2) Quadratic velocity distribution
. i istribution: =a-+by+cy?
Velocity distribution: u(y)=a+by-+cy Note that at the edge of the defined edge of

D) u=v=0 aty=0 the boundary layer u=0.99U and du/dy=0.
C: au However we approximate them with the
2)u =U,, | —=0 aty=0 rounded values. This is the reason why the
solution method by Momentum Integral Method
(no shear stress) is considered an approximate one.
By®: 0=a+0+0—> a=0
By @:u=by+cy’, 0=b+2cs
U

Uy =bd+cs? =(-2c5)5 +¢8% =—-2¢5° +¢8% =—¢8° — c=-—2
5

N _pr2ey - 0=b+2¢5 — b=—2c5=—2(—%)5=2%°

2U U y ¥
=b 2oy _Zoy2_ 22X _ Y
u(y) =by +cy 5 Sy = o[ 58

Remember the use of the boundary

2
u
— =2 i — 1 : Parabolic velocity profile layer velocity profile is only meaningful
U, ) 5 when 0<y<é

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Laminar boundary layer

Using the above results in the momentum integral equation for flat plate:

aU,
=puU,? ——|d —5 w0 =0
fu deXOUO( Uon PO m( ox )

widfgf o

5

[fm:y, dn=dy, y=6 > n=2-1)

d
=pU,—6
PY ax om szri[lfijddn

d/(2 U\ U,
=pU —| =6
P dx(ls J = [[(en-n* Y20+ Jiin

= [l -5n* +ar* " Jiin

3

5
-2 Ll sin=2s
[n n+nt n} T

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Laminar boundary layer

2021-02-12

Combining two wall shear stress

oM 2
S
=AU dx[15 j
2,uU0157§d67 1ds*

pUS2  dx 2 dx
ds® _30v

BN

0 0
_ 30vx 5.48x L:5.481x
Yo Uox Re,2
& _548

1
X Re,2

Application of MIE-Laminar boundary layer

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Laminar boundary layer®

3) Sinusoidal velocity distribution (U,=C, dx/dp=0)

* Velocity distribution:M:Sin(zl} i:1 at y>o
U, 26) U,

Substituting given velocity distribution into Momentum Integral Equation:

5 U u
rW:pUOZa Ou—o[l—u—jdy, (1]:% - dy:c‘dnj

do . y &
=pUl == 1- dn, |y=6->n=2="=1
™ os'"(zj[ s'”( D 7 [y R j
:pUOZ(:T;s Ol[sin[lzr)n sin [ j ]dn
=pU Zd—g(gj —cos[zj —E(EJ +Lsinx 1
0w\ 7 27\ TN

T ‘(’j‘;( ]{0+1-7+0+o o} _0137pu02d5
0

Fluid Engineering Lab., Jeonbuk National University El

0.5 2
Twzzﬁuozgﬂuolzzﬂuo Re, :iuioﬁprl UoX
5 5 548x 548U, p° Vv
=0.365pU,% | =0.365pU,2Re, **
U x
C.__ Tw _ 036500, 0730
= -
1,0U02 1onZ\IRex VRe,
c - _[Cd 073OIR s g 0730 v
L \Upx

0730 J-L 1 0730 Vo105 21 46
]

=1.46

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Laminar boundary layer®

Twzﬂ%”jyo, u=u(y)=u(y), n=n(y) Ui:sin(gnj, n=>

o )
_ aqj
Hon' oy
16u 10 (7 U, 7 V4 778
Z—| =pu=—|Ugsin| = =pu—2"cos| = = 0
’55;;} , ”5677( ° (2”)] L Mo [277)] o 2
=l 7 G

sz

Therefore, 7, = ”’;‘t’;“ 0.137pU;

Separating variables and then Integrating, we obtain:

&6 =115-*dx
0
2
O 15K

x+C=115-#
2

0 0

x (C=0, ~x=0, §=0)

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Laminar boundary layer®

Growth of the boundary layer:

5= 203 HX

Wall shear stress:

o o_m, _mly 1 ml, Rey® | mldy ox _ Ay
v 20 2 0 2 4.80x 9.60x 9.60
=0.327pU2 Re*

480

—480

Skin friction coefficient:
Coo T _ 0.327pU,> _ 0.654

' 1,Duoz %pUOZ\/Rex VRe

77_[Cd 0654 1 o 44 0654 0654 IL 1,
L U x
_ 0654 654 2L°5 -1308 |- —1308

=1.308Re,

Fluid Engineering Lab., Jeonbuk National University @

ntegral BL Eq.

i) AL A= 2S aggm@g’gég(wnh Nonzero Pressure Gradient)
AT Y= SSTHEYHAL
do
27
w=mpJ i
IO A 2SESHEYHA
dp U du
d © dx
dg ., du
T —(UL0
w pdx( fs) 5 dx

P lyee

P 2
1dp 70% 1dp du]
p dx dx pdx  dx

Fluid Engineering Lab., Jeonbuk National University El

9.2.3 Momentum Integral BL Eq.

{E BAELEA (2 Aloh)
Al

v Wl oot -3-%%‘

i) 2O 8t

D-p]

2 _ ‘ 2hh g2
mu(—u)dA+pj(Z)u dA — D=pU%h pbjo udA

EZHEYH0 Aol 2H (1)E XIUE=E |8 2H2)E MU= |

R801 2222
5

D= pbj0 u(U —u)dy = pbU 0 T
dD do ,do |

T—pbuzd =br, —> — | eszxzu™A
X

Uh="udy — pU’bh pbj Uudy ]
SET WHAL IS EHA ANE U0, 2LEF L (elicin2F BY |

Fluid Engineering Lab., Jeonbuk National University @

9.2.3 Momentum Integral BL Eq.

VETRE Bl IE ZHIS LA ZALH HIL
1) OIH|§|IO| ACﬂE 6=|A

o= IT

U:g(Y) for 0<Y <1, and %zlforY>1<—BC:g(0):O and g1 =1

D :pr.;u(U ~u)dy = pbU%5 [ g(¥)[1-g(Y)}dY = pbUZ6C,
C.= [ 0(M)[1-g()jY

rW:,ua—u :ﬂ‘d—g ’UUC - C,= dg.
8yy0 o dYf,, o dy |
sdo =+C2 g

Fluid Engineering Lab., Jeonbuk National University El
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9.2.3 Momentum Integral BL Eq.

2021-02-12

T, u 2C,C, 0.664
¢ =" > ¢, =./2CC, [+ =" =
! 1 ! I\ pUx  JRe,  JRe,

2
D b z,dx 1. 8CC, 1.328
Cor :17‘:107:z ,Cidx = Cyy :T“: =
EpUsz Epuzb( J e, e,

. Flat Plate Momentum Integral Results for Various Assumed

Laminar Flow Velocity Profiles
cub Profile Character SReV?/x cRey? CpRef?
s a. Blasius solution 5.00 0.664 1.328
b. Linear
Y os w/U = y/8 3.46 0.578 1.156
o c. Parabolic
wfU = 2/8 — (y/5)? 5.48 0.730 1.460
d. Cubic
w/U = 3(y/8)/2 = (/8)/2 4.64 0.646 1.292
e. Sine wave
ufU = sin[m(y/8)/2] 479 0.655 1310

9.2.4 Transition from L. to Turbulent

Fluid Engineering Lab., Jeonbuk National University @

Turbulent Boundary Layer
without pressure gradient(dp/dx=0)

Laminar flow Turbulent Flow
Method
dp/dx=0 dp/dx=0 dp/dx=0 dp/dx=0
Exact Solution o
(Blasius solution)
Approximate solution
(Von Karman MIE) % o o %

Fluid Engineering Lab., Jeonbuk National University El

vER BASMHM DT BHS2Z HOI(Transition)
ER0IM HF ZHAS2Z2 M0] I Reynolds number2] (2| Re. No.)

v
. Laminar houndary Transition Turbulent boundary Re. = LVX

layer region layer x.er

A H

IRRRRRRRRRRRRR Y

Onset of Turbulent Boundary Layer
Critical Reynolds Number: BHMEXE, 28 S S&0 g

&
Re, . ~2x10° ~3x10° — Re, =5x10° for flat plate

)
x H Viscous sublayer
L > J Boundary layer thickness, 5

HR BH8(spots)

M (burst,
! (burst)

HEN(spots) M A

HH:(spots) A

HHS(spots) 2t

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Turbulent boundary layer

v'Turbulent Boundary Layer

v

Laminar boundary Transition Turbulent boundary

layer region layer

4 )| Turbutent
A ayer

IRRRRRRRRRRRR RS

L Overlap layer
Buffer layer
Viscous sublayer

Boundary layer thickness, 8

Onset of Turbulent Boundary Layer

Critical Reynolds Number:
Re, >5x10° for flat plate

Re, >2~4x10° for sphere or cirular cylinder

We know that turbulent flow occurs if the flow velocity is large enough (or, viscosity is small
enough) to create a Reynolds number greater than the critical Reynolds number over an object.
For spheres or circular cylinders this critical Reynolds number is between 2 to 4x10°. For flat
plate flows this is around 500,000.

It is important to recognize that turbulent flows have two components: (i) a mean(d), and (ii) a
random one(u’). The random u’ cannot be determined without statistical means. Therefore for
turbulent fluid flows, we usually work with a time averaged mean flow 0.

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Turbulent boundary layer

2021-02-12

v'Turbulent Flow Velocity Distribution :

Turbulent flows in boundary layers over flat plates may be represented by the power law
velocity profile:

u_ 8.75( yu. j’ (one —seventh power law) You understand that whenever we speak
v

U, about turbulent flows here, we are
. representing the mean flow.
ur =875y ) (L= TSSO oo} HOoIEIX| e,
’ HIIME WSS 100D
If y=6, u=U,
1 1
U o, )7 _u, (L)
=L :8.75( w-u3)
U. v & s
du_Uo(y)7 | du) _Ue(y)7_
1 E’7(a‘) 9dyln’7(0‘] o
u 8.75 Yu. |7 1 This velocity profile is widely used in turbulent
U. 14 u 7 BL since the equation can be represent as a
= _[Y
uU. 1 - U, - g function of »=y/& even though the profile can
u 8 75[ &J*j not apply to estimate the wall shear stress at
A Y y=0

Application of MIE-Turbulent boundary layer
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Application of MIE-Turbulent boundary lay@®

Assumptions
T, T, _
r L R = - @ steady flow
r p

e — p-+ dp ® SFg,=0

X p dx__| p+dp

i ) -— (3 A=Constant (V,=V,)

circular pipe I

@ Fully development
. @ aﬁf - e
SF =L +F, :%tlcvvpdV+jcsvp(\/.dA):o
Foo = par® —(p+dp)ar’ -7, 221dx =0
—dpar® =z, 2zardx

This formula is the relation connecting the wall shear
stress with flow direction pressure gradient. In the
derivation process, the momentum equation was only
used without the assumption of shear stress and
velocity field (Namely, not apply the Newton’s viscous
law. Therefore, this equation may be applied both
laminar and turbulent flow.

Fluid Engineering Lab., Jeonbuk National University El

Substituting this result into momentum integral equation

for without pressure gradient (dp/dx=0) rw:w;%j;ui;’yuic}ay:pu:%«sm
od pouf ) does(, u)
dcsu u d e L g o el g
_ 2 G o Uy, U _ 2 0
o g s g D
1 1 1 2
2 d oy Yy ALY s(yy
= —| = |1- dy = — = dy-||=]|d
Ao dxo(aj (aj ™ L[&j g L(a] Y
_7 A 8 Bothz, & & — unknown parameters
72770 dx—L> Relations of 7 & s is needed.

(LS00 HE HHgEE F0H= 3Nl 84

This profile covers a fairly broad range of turbulent Reynolds number for 6 < n < 10. The most
popular one is n=7. Although this velocity profile is an excellent representation of the real
turbulent flow, this may not be used to calculate skin friction coefficient in the approximate
solution method seen earlier, since 6u/dy),-, will be negligible for this profile. For the
purpose of calculating shear stress we use an experimental results:(ASZ IS 012040k 2

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Turbulent boundary lay@®

Relation of wall shear stress and flow direction pressure gradient

Rdp RAp
=—— - (CAp=p, - P, | P
W a2 CAP=RP) | |
y
FromtheDIai;:z-Weisbachequation LX p,—> - p,
h=4——— (Darcy —Weisbach equation )
d2g K, = = R,
2 2 (Ap=p,-p)->(-2p=p,~p,)
Ap:nglly:glpv e v
d 29 d 2
Combining two relations, we obtain:
2
WzL: L
R D 2

RPVZ,AEPVZ,&PVZ
2D 2 4R 2 4 2

,| A:friction factor
ANV .
8 V :mean veloc ity

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Turbulent boundary lay@®

2021-02-12

For the smooth circular pipe, relationship between 4 and Reynolds Number:

/17(')?31];‘6 for 3x10%(Re(10° (Blasius' sequation ) » See next slide

Substituting this equation into z, in the fully developed turbulent flow we obtain:

—1/4
1 1(0.316 pVD 2
=ZApV? = 0.316 V
Tw 8 P S[Rg“}o [ ( P ] ]P

Transform a circular pipe variables into a flat plate: {yjm
R=0,V=0817U, U, \R

17
fu (Y
:7JudA7— Un(—) 2zrdr
o R

Wall shear stress in a flat plate turbulent BL:

U4 :% U, Ror ”rdr,(y:Rfr
. :1{0_316(,7(0.817%25)] Jp(muo)z w o)
U

8 252 [RR r) rdr
1/4
o v . . Y 2x(1/7)*
=/0.0233pU, U5 Blasius’s equation S @WT+D)(@2x1IT+1)
0 -0.817U,

Application of MIE-Turbulent boundary lay@®

Fluid Engineering Lab., Jeonbuk National University @

Application of MIE-Turbulent boundary layer

Combining the momentum Integral eq. and the wall shear stress, we obtain:

1/4
7 2 do
0.0233 =— —
pU“[u&j 7277 o
Separating the variables and then integrating, we obtain:
1
sds =0. 240( J dx Blasius’s equation

1/4
7, = 0.0233pU02(L)
55"‘ 0.240] Usd

L] x+C
U

o

J X, (0~0atx=0—>C=0)

C‘<

0

(
ozs|

5=0. 382(&] =0. 382[u0xju5 X
g 7))

_(0.382

X

1
~.0~RepS

c

oX

Fluid Engineering Lab., Jeonbuk National University El

Local friction factor(Cy) distributions with Reynolds number (p.109 White)

For the smooth circular pipe

.03

| Friction Iaum vs. Reynolds number |
ity | 0.500-in. 1.D. tubing |
~ o750, 10, iubing !
0,02 L T C, = f
T4
; Transition |
. / | 64 .
' [Blasius—turbulent | f= (laminar )
0.01 s L I €p
Y bk ]
e, ) 1
- | =0.316 Re, = (trubulent)
T
| | :
: 1 proposed by Blasius
0.005 ! 1 ]
500 1000 2000 5000 10,000 15,000
Rep
FIGURE 37 Live
Comparison of theory and experiment for the fricticn factor of air Rowing in small-bore whics., [Afrer Ser

nd Rothfies {1953).)
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Application of MIE-Turbulent boundary layer

Skin friction coefficient:

1 1

2 4

C, o Tu 5, 002380%( v ] :0.0466(Lj ~0.0466Re,
*PUo Y, kU Ued

1/5
Substituting 5:0.382(5] X into the equation:
X

i E 1 us \5
v o vt v 4 v
—— | =0.0466) — | & *=0.0466| — | | 0.382 — | x
U,S U, U, U,x
1 1 . 1 1 4
4 20 _= 4 20 -t

YT |=00594 L] L] T x

Uy U, ) (U,

1

V(4 v [ OV
=0.0594 — | | x @ |=0.0594 — | | x 5 |=0.0594 ——
UD U, on

C, =0.0466

N N

Il
o
o
a
©
=
py)
o

Fluid Engineering Lab., Jeonbuk National University El
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Application of MIE-Turbulent boundary layer 9.2.5 Turbulent BL flow

vU4& ZHIZ(turbulent boundary layer) 85
MZ OE 3719] Q< (eddy or vortex)©] HIMA SM SIAIS HO|

So So
x2 A

i i
5 5

4
5

The overall skin friction coefficient:
o :lf 0.0594 | _0.0594( v [ 1 = 00594 v 125, £2 ZHZ0 U Blasius solutionilt 22 AHIF ZXHOIXI 8
Lo Re H 0 (X)é L Uy ) 4 HE ZHZ0 Z2 Ze MUSHE BHY 40| geEE e ¥

L UO -
S5 YIS 012 A0 HA A0S 7.
00743 et 012 0 A ZAOHE 7

g MEUEY :

"~ Re'S VRS HEWHAMZ 0|28 HFANZ ZAHOCIH0.6 BE) i
[HE 850 ATEE &)

SEEF U0 §US

A (3) 175 WA

!

=3
=
A
E]

[ =]
HAS

T 00

o014

VEMOIA A A Cy = T (Re,, /1)

Empirical Equations for the Flat Plate Drag Coefficient (Ref. 11

® — 1700/Re,

Cop=[189 - 1.62 I

Completely turbulent

7,

Fluid Engineering Lab., Jeonbuk National University @
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9.2.6 Effects of Pressure Gradient

v &4&E At (pressure gradient)J} BHIS(boundary layer) RS0l O|XI= S
XISNX| B o] AHO0| LA BHIS (dp/dx=0)0fl (HSt AES MHEUS

[ A — |

BAHIS0 2 FHHIL AS B R (dp/dx=0)01 LHOH OH X

0l) ZEOI OF SHI(FH S) FH SST0M L= 24
=2 Reynolds No.0fIA ZHIS FHIt &S 32

Boundary Layer @ gE 2

] . = s ZHSE NBXSE( W) AHS TAIROI
with pressure gradient (dp/dx=0) — 22 9=l Hamol ams N2 2Al

BHEE LUEE(SY) AH2 WUBIOHH (dp/dx=0)

o

FQ AU ARRSET(UYY HAY -

'%ﬁg (external flow) 210l R2I0HXL — L,
Laminar flow Turbulent Flow v
Method -
“dp/dx=0 dp/dx=0 *dp/dx=0 dp/dx=0
Exact Solution o

(Blasius solution) == E%Jrudiufo idi: diu
Approximate solution Y s - pdx dx p dx dx

(Von Karman MIE) % o o o q° j \ 2

(ol Iln\lﬁ“' Reynolds No.J} Z70H2!

ZHS SHIt eforxICt

Fluid Engineering Lab., Jeonbuk National University El
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9.2.6 Effects of Pressure Gradient

1) HIEY KS0HIM 270 2 ZNHS U 2 AR RSS2 S NE
0ll) 21301 DY &3 F2 ]S

.. - HENQS0 AL U KSTE ¥Y
Upstream /”T

B8R vp,

=
@ ™A, F =stagnation points U fs,A = Vs F T —-> U fsc U
1ol 3 <AEO F9Q AHUYL HIEY 1ZE WIUX 2

Po+apl @
- i 2u

& Pa=Pr =P, + ; pU? at Aand F(stagnation point)
¥ 1.9 e
I‘u'éi‘( & ;
2 1 4 3
FomPt = +ZpU? | -2 pU?=| p, -2 pU? |at C
”—%N) \/ [ ) Pe [pa ZPU ] 2/7U (pn 2pU )

I T C L
(] Cl Drag force = 0(- 7,, = 0)(4& 2HI} )
%< 0 65 >0 (D’alembert?| SAl:
O =
sore=m | o= HIEA SHI0IM SHICl &2 00ILCt

JLH & =2 00l OHLICE 91?)
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9.2.6 Effects of Pressure Gradient

rir O

0ll) Y2 (attack angle)2 2t

attack angle=0°

2 FH|/S

420 HO HEET] 8S
FUY =M B S0l HIH £= S0I=5 aHE A

4210t D MM BEED AS

HAALAEF)0M Z2 SHOZ AHuA(| SItet
=ZAIS0| 012 it ga| gue
FS¥S 420 WaA T
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9.2.6 Effects of Pressure Gradient

2) Y RSUIM LT S ZAHS UHR X AR FSSH 2 IS NE
HA SSTOIME ZA0 0122 HOLE 4 20| BHRA0| KD LH0| SHELL
- #2 o2 A=l gy
. X-IAiOEO °_|_
M DRE AAES 25 UK 2N By
OILIXI 3201 O TE RS (separation) 24
SRIZHOM SE=0, 7,20
BR21E 0IS0IM AR (reverse flow) H

- &80 T AL
pa = P forinviscid flow
= p, > p; for viscous flow

- &E0 T gHHY
Drag force #0(." 7,, #0)
HAOE H2 H 0
3L 0 ot g wy
(D’alembert9| HA10] MHE
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9.3 Drag (

02

Fluid Engineering Lab., Jeonbuk National University El
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9.3 Drag (&)
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v Classification of drag force (23)

Pressure drag(22i3ted)| R S22 10H SHI MR A0 oo &

Formdrag (M) | FF(wake)| 7|, Ba|™ AKI0 e} B}

Drag force

()

S Arore Skindrag (HHEH) (| HYOZ SH BU Z80l= MU0 58
(Pr‘gfﬁ:d;g) Friction drag(FEEE) |EF2 32 UM IS, HRO B3R 5%

x[MHYSE Ml (streamlined body): SSE2]7t LOILIX| %0t AHT0| S0SEE
OHE EMl. =, Y0l TEIOHE0 OJoH 2

Drag force : FD — Ddrag C 2 pU A Non-Streamline Shape
Drag coefficien t:C, :li —\\)——‘
~pUZA i
2 Streamline Shape
R/ g
C, :#(submerged body) —CC =

ZpUZ2A
2,0 0
C,4 is as afunction of Reynolds No., Mach No., Froude No., Relative roughness
Cy, =¢(shape, Re, Ma, Fr, £/()

9.3.1 Frictional Drag

Fluid Engineering Lab., Jeonbuk National University @

9.3.2 Pressure Drag (2}&gta])

v eds &8 (pressuredrag, D)
ssH2l0l olst S M M0 LUot= A X0 B 2.

SHIol A DX A ACDZE WA H (Foam drag)etl T &
Dp:IpcostA { ;.’.WSi"g

oted st 4 (pressure drag coefficient) P / (mjlj:%;o.)
/
cos@dA | C, cosOdA _
. IP _[e BRSMGELA
EpuzA pU A A Epuz

(pressure coefficient)

Fluid Engineering Lab., Jeonbuk National University El

(OrEEs)
v O @& (friction drag , Dy

SHEAO MHSH(7,)0ll 20H LUOH= 2
Df

. Reynolds No.J} 2 AL X|H=

D, :CDprUbe - Co =7
A = pU%e
ZPU
OF& = H %= (friction drag coefficient)
Cy =f(Re,,ell)

LM Q=0| AL DHag=EHS :

Empirieal Equations for the Flat Plate Drag Coefficient (Ref. 1)

Equation

"~ 1700/Re, 5% 10°

e/t Completely turbule

J0 RS R 0RERYHH = FODDHIIR oS &SN 21t M)

Fluid Engineering Lab., Jeonbuk National University @

9.3.3 Drag Coefficient and Example

oF& 3t Y%= (pressure drag coefficient)ffl 2 OIX|= B
Cyp is as a function of Reynolds No., Mach No., Froude No., Relative roughness
Cy, =¢(shape, Re, Ma, Fr, £/()

vEHN S0l 2HAH =0 0IXI= S¥(Shape dependence)

1, 1.,
20D pUhe
Y 2V

QMY 2H|0| AL £ (wake flow) 317t S=AHS0 XIWHE L

— 9,9,

C,=12

Fluid Engineering Lab., Jeonbuk National University El
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9.3.3 Drag Coefficient and Example
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v'Reynolds No.Jt @& |0l OIXI= S (Reynolds Number dependence)
1) Low Reynolds No. 85 (Re < 1): MM} ot&131(] JW (M2 D)\ |gtotsh

“oACT

D:f(U,[,,u) Rex1
D=CulU h |

C :szzzciﬂzg st j|& = Relfl HHIE| : )
D ;puzlz pUZ[Z pr Re (=A== Rell Bt ) ‘1
2

Low Reynalds Number Drag Coefficients (Ref. 7) (Re = pUD/p. A = 7D /4)

]

Cp=3
P
Object P orReS 1) | Object
. Cireular disk normal 20.4/Re c. Sphere
1o flow
\ T N T
U i U — b
b Cireular disk parallel 13.6/Re d. Hemisphere 223/Re
o flow T
U — O o — (D o
- —L

Example

Fluid Engineering Lab., Jeonbuk National University @

Example

_ 244m
@' 0.00365m /s

p.UD _1.23kg/m®(1x10°m)0.00365m /s

668s

Re (A =0.00251<<1
P 1.79x10°Ns/m
5
45
4
3
5
2
15
1
0.5 10um, 0.18 hour-
o
o, ym

Fluid Engineering Lab., Jeonbuk National University El

Example 9.10 Low Reynolds Number Flow Drag (Stokes Law: S R)

GIVEN: While workers spray paint the ceiling of a room, numerous small paint aerosols are
dispersed into the air. Eventually these particles will settle out and fall to the floor or other
surfaces. Consider a small spherical paint particle of diameter D=1x10° m (or 10 pm) and
specific gravity SG =1.2.

FIND: Determine the time it would take this particle to fall 2.4 m from near the ceiling to the floor.
Assume that the air within the room is motionless.

SOLUTION

W,

weight

=D,

drag

+F

bouyant

Vi Vi
w :7pain&¥:SyH207D3’ Fy :7air\7L:7air7D3

6 6
D-Cylp,UtZpt=Lp Ut %0t 2|, D3z, UD
2 4 2 4 PauUD/ 1y, _

f Table 9.4
S7H20%D3:3”7-‘a|rUD+7aurzD3 (from Table 84

6
U D2(S4uz0 ~ Zar) _ (10°m)?[ (1.2)(9800N /m*) ~12.0N / m’ |
1811, 18(1.79x10°Ns/ m?)
=0.00365m /s

Fluid Engineering Lab., Jeonbuk National University @

S. Stokes flow & Stokes’ law

v/ Assumptions
@ low Reynolds number (Re<<1)
d @ No flow separation around sphere
F. F (3 Wake flow is laminar
dyy B @ No acceleration (No body force)
n (® friction drag is dominant (due to no separation)

‘ vDrag force (&&): Reynolds No.9| 8t

EHI0| SS UYL Yo H20ts HYH
l Fsr: Friction drag force (Re < 1) |
F, Sl SN0 JUOT WM - o HE
] Fsn: Pressure drag force (Re>1000)|

SSY0 Aot SH M2 =R 012

An object moving through a gas or Er
liquid experiences a force in direction| -

opposite to its motion.

Terminal velocity is achieved when
the drag force is equal in magnitude
but opposite in direction to the force
propelling the object.
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S. Stokes flow & Stokes’ law

v'Stokes’ law (Stokes’ drag force law)
Fsr @ Friction drag F, =27wVd

[Drag force F, = 37;;Nd}<

Fgy : Pressure drag F, =17Nvd

Derived by Stokes over 160 years ago! (1851) OFXIO] J1A | N-S eq =l
Two thirds of the force is due to viscous shear 0|12 MO Z A2 Bif
One thirds of the force is due to pressure drag STl 42 E’é.'OlOi M

v'Forces acting on a sphere moving fluids (gas or liquid)

.IE

Fay o Drag force F, =3zvd V :particle velocity
II T s d : particle diameter
Bouant force Fy :Ed o] P, :particle density
P, -density of medium
Vl Gravitatio nal force F; = %d °p,0 4 :viscosity of medium
Fg

Fluid Engineering Lab., Jeonbuk National University @

S. Stokes flow & Stokes’ law

LI L B T T 17T Shape Drag
— Coefficient]
1< Re <1000 1000<Re || spre — () 0w
N (Transitio n region) (Newton's law region)—]

N friction drag:5% |
10 3| cone —= q 050

Cp S pressure drag : 95% —
Theory due > cee —» [ uos

2+ to Stakes A, ~
’\~

LE ~ ) S| Angied O 060
\,“.L,u.v—-*m., ]| e

1
0.6
0.4 .
0.2 - Cqfor aspherical particle Cyﬁr?:?er y I:I o
0.1
06

as a function of Re

006 L 1Ll LI L LI L 1L L gLt Ll 1 AT shee s
1002 4681002 4681012 4 681022 4 6810°2 4 6810%2 4 681052 4 6alb CYinder o -
24 Re= 12 Ty > oo
C, e Re <<1 (Stokes'law) S 009
24 3 9 2 Measured Drag Coefficients
C, = 1+ —Re+——Re’InRe+---| 1<Re <2(Oseeneq.)
Re| 16 160
:%[ZHOAlSRe“m] 2<Re <500
e
C,~0.44 500 < Re < 2x10° (Newton's law)
2
_ 3 H 5
Cy =1+10Re ° (for cylinder ) B 1f%e<”2><197 - ..__..._ational University iEI

2021-02-12

S. Stokes flow & Stokes’ law

v'Drag force of sphere in fluid (Stokes’ drag force law)
Drag coefficient (2= H|Z) is a dimensionless quantity that is used to quantify the
drag or resistance of an object in a fluid. The drag coefficient is always associated
with a particular surface area, and it comprises the effects of the two basic
contributors to fluid dynamic drag:
skin friction(friction drag) and form drag(pressure drag).

Fa, Fs F, =37V

11 C - F,  3zwvd 24u
=17~ 42 o4
C, = F 1 V2A lpvzﬂ‘; pud

1 .. 2 2 4

PTG 24
Vl 2 Ca=re (for Re <<1:stokes' law)
Fg Cy varies as a function of speed, flow direction, object

o shape, object size, fluid density and fluid viscosity.
Speed, kinematic viscosity and a characteristic length
scale of the object are incorporated into a dimensionless
quantity called the Reynolds number.

Fluid Engineering Lab., Jeonbuk National University @

S. Stokes flow & Stokes’ law

v Terminal velocity (400l 72 SZET, Viermina)

As the object, the drag force acting on the object increases. At a particular speed, the
drag force produced will equal the object's weight (mg). At this point the object ceases
to accelerate altogether and continues falling at a constant speed called terminal
velocity (also called settling velocity).

'|:d Fy > F, =W —F, —F, =0(No acceration )
n c =%d3ppg—3ﬂwd—%d3pmg
Cy=t—
o %pVZA 3ﬁﬁNd:£d3(Pp*Pm)g
\Y
| T,
F

Vlermlnal

[ 18u

E S0] 109 NES0] 10km YSUM EOXIH E S IIKTIL EXN 2
WSSO0 LOF =X B=D 01201 Stokes BA 0T

rr

Fluid Engineering Lab., Jeonbuk National University El
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9.3.3 Drag Coefficient and Example
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2) Intermediate Reynolds No. §35(103< Re < 105):
BAHS AEE T ReSJHl Wet C, AZH LA

a00

JSmocth cylinder | py

v N gy
A N — 4

EF BHSHM HRBHS2Z W0l I9:

Re, ., ~2x10° ~3x10° — Re, =5x10° for fiat plate

9.3.3 Drag Coefficient and Example
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9.3.3 Drag Coefficient and Example

v oEEM ABt (Compressible effect): Mach No.Q} Re. No.9] 84

Mach No.(0H0l) 0.5010HIM = =4 0l HO FAIE
Mach No.(OH0l) 1.0 2 0IM STt 2| )k EHMKshock wave)Q| Fgt
C, = f(Re, Ma)

AL !
i Creutr
25 Lo @5 16 o
" -
20

Shock
e langth & 10 e

- . (B e

05 ? .
Erel (R
o 05 P u
w

04 Sy

<] e

S iy
0z A

= | [ Me-1s
v

®

7N
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s ] T - T T
. =11 T— 1
SN L Lo

N
10 N = |
- ] o] 4T
- Fabel 2l 2
J sy
' —~

%) 1 ~
! T -

5 |
1= —
A
alel

OHLRE0| JH 213 X{850] FH] 90% 0
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9.3.3 Drag Coefficient and Example

vE® HEJ| "k (Surface roughness)
HE ZAAS0AM XIHHE B0l LEH.
HM HAI|JI SII01H HHMEHSH0| SII0HH SFUAM HF =9 H0| A2H0] Big
WA Re. No.Ol 12 HHES SN 2T UL 2E US

5 = relative roughaess

£ = 0 (smooth)

ot
0,40 34

Re, <4x10*

Fluid Engineering Lab., Jeonbuk National University El
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9.3.3 Drag Coefficient and Example

v'Froude Number effect

ol

vEgtEHI9| &8 (Composite Body Drag)
D2l SN0 YRS 7B T FUS 7T

(EEEEIER TR0} % 7 g/ Z
= — TN S
F W

Movng bow witino Buld  Movingbuborly  Movingbulbous bow

Fluid Engineering Lab., Jeonbuk National University ﬂ

9.4 Lift (Y=
@ (iting force): HILIE Bl = SIHOIE 7 Z0 LHOI= 2J1oe o
LS SIIAII= EM: HIBII L S

un

MPLSS i

Weight

A S LAAIIE EM: XFSKH AZE LR (downforce wing)
Dowii force Generation:Rearwin

Fluid Engineering Lab., Jeonbuk National University El
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Thrust

Weight

Fluid Engineering Lab., Jeonbuk National University m

9.4.1 Surface Pressure Distribution

VEN BN A R
Yz2 HYE PO SN BY AHETSRE By
emEmo| MEgE Foks 20 €K Qs
SXH LHAS A2
L

1 ..

= A

L

C, =¢(shape, Re, Ma, Fr, /()

C =

U Lt

Velocity distribution on the fastback bodywork (
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9.4.1 Surface Pressure Distribution

v U (airfoil )0l A e AN
Reynolds No.Jt 2 RS0IAM LHEX = S0 Hld. Bz FAIE BT
g2 ZISTO HZS0 Hil

=

Symmatrical

Honsymmtrical

R

-
JrEE

. degpees a, degeas
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9.4.2 Circulation (&8h

v&8(circulation):
UM 20| HA0| SRS HUAS X OOT HIFYRS WHNOSHE YO
X

=
NEUS P 4 US

B
— % T umyss wNozwH es of
*ZMQ_\S\» 10 MHSSD RO US)
S T SEATWY, o FeI0l HET AL MIQSE CYTH

)
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9.4.1 Surface Pressure Distribution

=0} 20| Hl(FHl): LID=C,/C,

e ———
NACATEIT - 412 sifol
w0t

€ 05 o han
e -2 - o s, Triling s
z st fap

o oty Mo g

Dot sltted <
raiing sdge flps

P S—

Dot e Lasding — ——
frt A

] 0.005

oo o015 002 5 X ey

N T pressre

(/ﬂ Lowonsirs \ ‘T‘h\.\\
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Traling vartes

)

FHAR+JYQIR- 2=

Ell

Tip vortex
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B e
Upwash Tip vortex
. A
«ﬁ«f‘ ¥ R:l_vk;w § »"c,,
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Homework #4

v'Problem set for Ch. 9
2,8,12, 20, 26,
28, 36, 58, 72,74,
84, 102, 104, 114
(14 problems)
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