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Ch. 5 Finite Control Volume Analysis

5.1 Conservation of Mass-Continuity Eq. (질량보존-연속방정식)

5.2 Newton’s Second Law-

Linear Momentum (선형 운동량) and 

Moment-of-Momentum Equations (각운동량 방정식)

5.3 First Law of Thermodynamics-The Energy Equation 

(열역학 제1법칙, 에너지 방정식)

5.4 Second Law of Thermodynamics-Irreversible Flow 

(열역학 제2법칙-비가역 유동)

5.5 Chapter Summary and Study Guide (요약 및 학습안내)

Fluid Engineering Lab., Jeonbuk National University

Learning Objectives in Ch.5

✓ select an appropriate finite control volume to solve a fluid mechanics 

problem

✓ apply conservation of mass and energy and Newton’s second law of 

motion to the contents of a finite control volume to get important 

answers.

✓ know how velocity changes and energy transfers in fluid flows are 

related to forces and torques.

✓ understand why designing for minimum loss of energy in fluid flows 

is so important.
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Ch.5 Finite Control Volume Analysis
✓Fluid Mechanics

Mechanics

Gas Liquids

•Bernoulli equation

•Linear Momentum eq.

•Angular Momentum eq.

•Steady/Unsteady

•Viscous/Inviscid

•Laminar/Turbulent

•Compressibility

Ch.1 Fluid properties

Fluid

Ch.2 Statics Ch.3~ DynamicsCh.4 Kinematics

0

0

0

=+

=+

=

pAmg

FF

F

SNB

•Pressure (p)

•Total pressure(Ft)

•Buoyancy(FB)

•Stability

•Relative equilibrium

Looking for the 

pressure variation 

in the rest fluid 

(Basic principle of 

Fluid Statics: p=γh)
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•Translation

•Velocity field
- Lagrangian & Eulerian

- Streamline

- Streakline

- Pathline

•Acceleration

- convective (ac)

- temporal (at)

•Material derivative

•System & CV

•RTT(Reynold 

transport theorem)

•Deformation(Ch.6)

•Rotation(Ch.6)

•Density (ρ)

•Specific weight (γ= ρg)

•Specific gravity (S)

•Viscosity (μ)

•Kinetic viscosity (ν= μ/ρ)

•Bulk modulus (K or Ev)

•Surface tension (σ)

•Vapor pressure (pv)
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Ch.5 Finite Control Volume Analysis
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Summary of terminologies
✓유체유동 문제해결을위한 접근방법

Small scale analysis Differential analysis: Ch.6

Large scale analysis Integral analysis (CV): Ch.5

Experimental analysis Dimensional analysis: Ch.7

✓유한검사체적(공간상의일정영역) 해석지배방정식(Governing equations)

•Continuity equation (연속방정식): 유동해석기본방정식(질량보존법칙) Q = A x V

•Newton’s 2nd law (선형운동량보존법칙): 선형운동량의시간변화율 = 힘(Force)

•Newton’s 2nd law (각 운동량보존법칙): 각운동량의시간변화율 = 토크(Torque)

•Newton’s 2nd law (Euler(비점성) 및 Navier-Stokes(점성) 운동방정식): 힘의평형(F=ma)

•열역학제 1법칙(에너지보존법칙: Bernoulli equation): 이상유체의에너지평형

•열역학제 2법칙(엔트로피증가법칙): 실제유체의에너지손실(energy loss or head loss) 평가

•보조관계식: 점성법칙(Newton’s viscous law), 이상기체상태방정식(ideal gas equation) 등
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5.1 Conservation of Mass 

(질량보존법칙, 연속방정식)

Fluid Engineering Lab., Jeonbuk National University

5.1.1 연속방정식유도

✓시스템에대한질량 보존법칙

✓시스템(System)과 검사체적(Control volume)에 대한 Review
•System: 고정된경계면내의물질의집합체(일정한양의물질)

: 질량은시스템경계통과 불가, 에너지통과 (시스템은질량에대해닫혀(closed) 있음)

•Control volume: 공간상에일정한 체적(유체가경계를통해흐름)

: 질량및 에너지는경계를 통과할수있음 (검사체적은질량에대해열려(opened) 있음)

( )0,
sys sys

sys

sys

DM D
dV M dV

Dt Dt
 = = = 

(시스템질량의시간변화율 = 0)

(질량은생성되거나소멸되지않고보존)

✓유한검사체적에대한 질량보존법칙
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Continuity equation : B = m, b = m/m = 1

(3차원 유동에 대한 Reynolds 수송정리) +
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공간적으로 일치한
시스템 질량의
시간변화율

공간적으로 일치한
CV에 포함된 질량의

시간변화율

CV의 표면(검사면)을
통과한

정미 질량 유동률

(검사체적에대한질량보존법칙표현:

연속방정식)

Fluid Engineering Lab., Jeonbuk National University

5.1 Conservation of mass 
Continuity equation의피적분함수 풀이
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(정상유동: 검사체적내질량변화가없음)

(비정상유동: 검사체적내질량변화가있음. 축적또는감소)
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Summary of terminology

1차원유동(균일유동분포)에서질량유량벡터내적계산

90 :outflow (

0 cos( :
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속도분포가단면에수직인 1차원유동(균일유동분포)의경우(cosθ=1 or -1)
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5.1.2 고정되고 변형이 없는 검사체적
✓고정되고변형이없는 검사체적(Control volume) 요약: 예제 5.1~5.5
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1차원유동에서균일유동분포의경우질량유량벡터내적 계산
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정상유동의경우:

(정미질량유량, net mass flowrate)

정미( 바를正맛味) 

: net content

: 순수한내용물만의값

(정미체적유량, net volume flowrate)

비정상유동경우:
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CV 내질량증가

CV 내질량감소

1차원유동에서불균일유동분포의경우: 단면평균속도사용
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5.1.3 움직이고 변형이 없는 검사체적
✓일정속도(VCV)로움직이는변형 없는검사체적(CV)

•절대속도대신상대속도를 RTT에적용: 비행중인가스터빈, 항해중인배 굴뚝등

X

Y

x

y X-Y 좌표계: 절대고정좌표계

x-y 좌표계: 이동좌표계 (=CV 이동속도)

V1 : 절대속도(V1 = W + VCV)

Vo : CV 이동속도(=VCV)

W : 상대속도(CV 에서바라본 V1 속도, W =V1-VCV)

예) 분사속도 V1=30i, 베인이동속도 Vcv=6i

상대속도 W = V1-Vcv = 30i - 6i = 24i

•상대속도는절대속도와같은수도있고다를수도있음: 다를경우 벡터연산이용

sys

CV CS CV CS

DB
b dV b dA b dV b dA

Dt t t
V W   
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= +  = + 
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•일정속도(VCV)로움직이는변형없는검사체적(CV)에대한질량보존법칙

0
sys

CV CS

DM
b dV b dA

Dt t
W 


= +  =
   Note: 변형 없는검사체적(CV) 문제중

속도가변화하는경우는(가속도가있는경우)는

관성에의한겉보기힘을고려해야함. 다소 복잡
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5.1.4 변형하는 검사체적
✓변형하는검사체적(CV)

•변형검사체적: 검사체적의크기가시간에따라변화하는것. 즉검사면이움직이는경우에해당

•일정속도로움직이는변형없는 검사체적에대한 RTT를그대로적용가능

0
sys

CV CS

DB
b dV b dW A

Dt t
 


= +  =

  

CV가변형하므로

CV 체적을시간의함수로

정확히계산하는것이중요

(즉, 체적의시간변화율)

CV가변형, 즉 검사면이움직이면서변형하므로

검사면에서속도는균일또는불균일

CV 의 속도와같을수도같지않을 수도있음

(속도분포를적분해서계산해야한다는의미)

•예제 5.8 및 5.9를통해사용방법을알아보자

Fluid Engineering Lab., Jeonbuk National University

5.2 The Linear Momentum and 

Moment-of-Momentum Eq. 

(선형 및 각운동량)
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5.2 선형 및 각운동량방정식: 선형운동량
✓선형운동량의정의(Definition of linear momentum)

• 선형운동량(P) = 질량(m) x 속도(V) (벡터량: 방향과크기를가짐)
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운동량변화율 물체에작용하는 힘=

✓선형 운동량변화율(Rate of change of linear momentum) = 힘(Force)
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✓선형운동량 변화량(Change of linear momentum): 충격량, 역적(Impulse)

• 일정한힘 F가 t 시간동안작용하여운동량이 mV1에서 mV2로변화할경우

Impulse(역적) = Momentum change(운동량변화량)

)( 12

0
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VVmtF

)Vd(mdtF
V

V
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−=

= 
운동량기본방정식

What can we do using the Force?

Fluid Engineering Lab., Jeonbuk National University

5.2 선형 및 각운동량방정식: 선형운동량
✓선형운동량보존 (Conservation  of linear momentum)

•외부의 힘을받지않는계(system)에서 전체선형운동량의합은보존된다.

•외력이 작용하지않으면물체의충돌및 폭발전과후의운동량합은동일하다.

Constant00  if =→=→=

==


=

P
dt

Pd
F

Fam
dt

)Vd(m

dt

Pd





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

✓Examples of conservation of momentum

A Newton's cradle 

demonstrates conservation of momentum.

Fluid Engineering Lab., Jeonbuk National University

예) 아래 그림과같이 질량이 각각 2 kg, 4 kg인두 물체가 각각 4 m/s, 3 m/s로 운동하다
충돌하였다. 충돌 후 V1’ 이 5 m/s일 때, 충돌 후 V2’는?

x

y
1m 2m

1m 2m
1V


2V


1V 


?2 =V


5.2 선형 및 각운동량방정식: 선형운동량

1 1 2 2 1 1 2 2

* * * *

2

2

2 ( 4 / ) 4 ( 3 / ) 2 ( 5 / ) 4

1.5 /

mV m V mV m V

kg m s kg m s kg m s kg V

V m s

 + = +

 +  =  + 

 =

+ − −

+

예) 아래 그림과같이 질량이 각각 80 kg, 100 kg인미식축구의 fullback과 defensive가
각각 3 m/s, 2 m/s로 운동하다 충돌하였다. 충돌 후두 사람의 공통속도와방향은?

Fullback

(m1=80kg)

Defensive
(m2=100kg)

1 1 2 2 1 1 2 2

* *

* *

2

80 ( 3 / ) 100 ( 2 / )

80 ( ) 100

0.22 /

mV m V mV m V

kg m s kg m s

kg V kg V

V m s

 + = +

 +  =

 + 

+

=

−

+
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smV /502 =

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i) 야구공의운동량변화량
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5.2 선형 및 각운동량방정식: 선형운동량

http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=&url=http%3A%2F%2Froyalpurplenews.com%2Ftackling-concussions%2F&bvm=bv.121421273,d.dGY&psig=AFQjCNHuMpJLo7inU67gBGW_qig6K4YtTg&ust=1462783360963628
http://www.google.co.kr/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjq2_idjcrMAhVEqaYKHVofBhYQjRwIBw&url=http%3A%2F%2Fwww.tutorvista.com%2Fphysics%2Fexamples-of-kinetic-energy&bvm=bv.121421273,d.dGY&psig=AFQjCNH1dbU_4Pv0JieWbIha2CFwoWHr2g&ust=1462782754174869
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4.4.2 Reynolds 수송정리의물리적해석
✓Reynolds 수송정리(RTT)를 이용한유체유동 지배방정식변환
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
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1) Continuity equation : B = m, b = m/m = 1

2) Linear momentum equation : B = P=mV, b = mV/m = V

3) Angular momentum equation : B = H=r x mV, b = H=r x mV /m = r x V

4) Energy equation : B = E, b = E/m = e

3차원유동에대한
Reynolds 수송정리 암기
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5.2.1 선형운동량방정식유도
✓시스템(system)에 대한선형운동량방정식(Newton의제2법칙)

• 관성 좌표계(가속도가없는, 즉 일정속도로직선 운동하는좌표계)에대해적용

 = sys
sys
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시스템의
선형운동량의
시간변화율

시스템에 작용하는
외력의 합

)momentum(

)mass(

VdVdmVPd

Vddm






==

=

✓검사체적(Control volume)에 대한 선형운동량방정식(Newton의제2법칙)

시스템의
선형운동량의
시간변화율

CV 내부 물질에 대한

선형운동량의
시간변화율

CV의 표면(검사면)을
통한 선형운동량의

정미유동률

✓고정되고변형없는검사체적(Control volume)에 대한 선형운동량방정식

( )
 volumecontrol  theofcontent  =+
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FAdVVVdV
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5.2.2 선형운동량방정식의적용
✓선형운동량방정식(Newton의제2법칙)의적용대상
• 관성좌표계: 일정속도(가속도=0)로직선운동하는좌표계(Control volume) (Ch.5장)

• 비관성좌표계: 속도가변화하는(가속도≠0)로직선운동하는좌표계(Control volume)

• 변형없는 검사체적또는 변형검사체적의경우등

✓Reynolds수송정리 선형운동량방정식적용 (각 항계산과정유의)
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t
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1) 정상유동(steady flow)의경우 : 0=



CV

VdV
t




2) 1차원균일유동의경우 : mean value: (평균값으로변환)
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3) Control surface를통과하는운동량플럭스(momentum flux) 결정

Step #1 : mass flux ( )에서 dot product의부호결정AdV




1180cos

10cos
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Step #2 : momentum flux( ) 에서 의부호결정( )AdVV


 V


선택된좌표계에의해결정됨
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5.2.2 선형운동량방정식의적용
Note: flux

define as the rate of flow 

of a property per unit area

1 D flow

cos cos0 : Outflow

cos180 : Inflow

o

o

V dA V dA V dA V dA

V dA V dA
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Note: 계산 결과의부호는

관성좌표계에대한방향을의미함

(유출)

(유입)
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Ex 1) Control surface를통과하는 운동량플럭스 결정방법
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5.2.2 선형운동량방정식의적용
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Given:

Find: mass flux and momentum flux

Basic equations:

i) continuity eq.   :

ii) momentum eq.:

Assumptions:  1) steady:  

2) Incompressible:

3) Uniform properties at each section:
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5.2.2 선형운동량방정식의적용
Ex 2) Multiport(다중 입출구)를 통한 Mass flux and momentum flux 결정방법

mean value: (평균값으로변환)
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Solution)
1) mass flux calculation

5.2.2 선형운동량방정식의적용
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(부호 변경에 주의)
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2) momentum flux calculation
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i) section A1 (inflow)
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5.2.2 선형운동량방정식의적용

(부호및 속도성분에주의)
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ii) section A2 (outflow)
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5.2.2 선형운동량방정식의적용
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iii) section A3 (outflow)
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권투의 4대타격기술은 jab, straight, hook, uppercut이다. 

권투선수주먹(질량(m): 변하지 않음)의 운동량(mv)을이용다른각도(θ)로 타격하는기술이다.  

33AV o

x VV 30cos33


+=

5.2.2 선형운동량방정식의적용

운동량변화율 = 힘

333 AVV y 

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5.2.2 선형운동량방정식의적용
iv) section A4 (inflow)

(방향표시에주의: 고정관성좌표계를기준으로표시)
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5.2.2 선형운동량방정식의적용
✓운동량수정계수(Momentum correction factor): 평균속도적용 시고려사항
• 1차원 균일유동가정과실제유동상이의차이보정 (평균속도 사용에따른오차보정)
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속도의제곱항이포함되어있음
(높은속도에가중치가주어짐)

avgVV =
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5.2.2 선형운동량방정식의적용
✓Generalities for solving problems (문제풀이일반원칙)

•정상유동의경우변형되지않는검사체적내부물질의선형운동량의시간변화율은 0이다.

•검사면에서 1차원균일유동분포문제의적분과정이간단해져가다루기쉽다.

•선형운동량은벡터량이므로 방향을갖는다. (질량: 면적벡터기준, 운동량: 설정 좌표계기준)

•검사체적을속도벡터에수직하게설정하면작용하는 FSN(수직표면력)은압력에 의한힘이다.

•선형운동량방정식에는오직검사체적에가하는외력만고려된다.

•어떤물체를 고정하는데필요한힘은검사표면에작용하는압력, 전단력, 선형운동량변화, 물체

의무게, 검사체적내 유체의무게등에의해 결정된다. 

Fluid Engineering Lab., Jeonbuk National University
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
=

CSCSCV
AdVAdVVd

t


0

rate) flow (volume

rate) flow (mass

AVAdVQ

AVAdVm

CS

CS

==

==
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✓Summary for momentum formula

RTT 
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Mom. 

Pd)Vd(mdtF


==

Impulse

(충격량)

운동량
변화량

Fam
dt

)Vd(m

dt

Pd 


==


=

운동량
변화율

물체에
작용하는힘

5.2.2 선형운동량방정식의적용

 +



=

CSCV

sys
AdVbVdb

tDt

DB 


Mass: 

B = m, b = m/m = 1

Momentum: 

B = P=mV, b = mV/m = V

Fluid Engineering Lab., Jeonbuk National University

smV /502 =


smV

kgm

/40

3.0

1

*

=

=


x

y

i) 야구공의운동량변화량

smkgsmkg

VVmVm

/27)/))(40(50(3.0

)()(

**

12

=−−=

−=


ii) 충격시간 t = 0.1s일때배트가공에준힘은?

)(270
1.0

/27)( *

12 xN
s

smkg

t

VVm
FBat +==

−
=




iii) 충격시간 t = 0.1s일때 공이배트에준 힘은?

)(270 xNFF BatBall −−=−=


R


AF


R FA

공이 배트에가한힘 배트가공에준힘

유체가 평판에가한힘 평판이유체에가한힘

유체가 베인에가한힘 베인이유체에가한힘

유체가 CV 에가한힘 CV 이유체에가한힘

유체가 CV 에남기힘
(운동량변화율)

CV 을고정하는데
필요한힘(∑F=ma)

Control volume

(크기동일, 

방향반대)

✓ Definition of FA and R

Definition of two forces (FA and R)

Fluid Engineering Lab., Jeonbuk National University

예제 6-3)
✓Given:

✓Find:

✓Solution

?

135

/150

/2

0

3

=

=

=

=

R

sftV

sftQ

o

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CV에
작용하는

힘

CS에
작용하는

힘

CV의
운동량변화율

CS를통과한
net momentum

변화율

✓Assumptions
1) No friction 

2) No potential head (FB=0)

3) Steady flow

4) Uniform at each section

5) No pressure effect

( )

( )

( )

( )1135cos135cos

)135cos()(

0cos180cos

00

2

0

2

0

0000

0000

−=+−=

+++−=

+==−

=−=

==







oo

o

o

x

o

x
CS

Ax

CS
Ax

CS
sxx

VQAVAV

AVVAVV

AVVAVVAdVVF

AdVVF

AdVVFF

















oV 45cos0− 와동일한의미

AxF

AyF

x

y

sftV

sftQ

/150

/2

0

3

=

=

o135=

Example: 고정베인

(압력에의한 힘은 서로 상쇄)

(이렇게하면혼동됨)
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( )
( )

fAxx

fAx

f

o

oo

Ax

lbFR

lbF

lbsftslug

sftsftftslug

VQAVAVF

98.990

98.990

98.990)/(98.990

1135cos/150/2/935.1

1135cos135cos

2

33

00

2

0

2

0

−=−=

=

−=−=

−=

−=+−=− 

( )

( )

( )

fAyy

f

oo

ooo

y
CS

Ay

CS
Ay

CS
syy

lbFR

lbsftslug

sftsftftslugVQ

AVAVVAVVAdVVF

AdVVF

AdVVFF

410

410/410

135sin/150/2/935.1135sin

135sin)135sin(0cos

2

33

00

2

00000

−=−=

==

==

+=++===+

=+=

==





















(xy 좌표: (+) 방향)

(xy 좌표: (-) 방향)

(xy 좌표: (-) 방향)

(xy 좌표: (+) 방향)

AxF

AyF

x

y

sftV

sftQ

/150

/2

0

3

=

=

o135=

Example: 고정베인

(압력에의한 힘은 서로 상쇄)

Fluid Engineering Lab., Jeonbuk National University

✓직관내 유동문제를 먼저생각해보자

x

y
1p

A

V

2p

A

V

w

AxFxR

1p

A

V

2p

A

V

w

AxFxR

➢CV 1 (관 내벽을 경계로설정) 
관내벽을경계로유체부문만 CV로설정

반력 R은관 내벽에서유체에작용

즉, 절대압을기준으로한상태가된다.

➢Basic equation 

p: 절대압력(absolute pressure)

FAx: 관내벽이 CV에가하는힘(공학적의미없음)

➢CV 2 (관 외벽을 경계로설정)
관을포함한경계로유체와관을포함 CV를설정

반력 R은관 외벽에작용. 관을고정하는데이용된다.

즉, 대기압을기준으로한게이지압상태가된다.

➢Basic equation

p: 게이지압력(gage pressure)

FAx: 관을고정하는데필요한힘(공학적의미있음)

( )

( )

( )
1 2

1 2

0

0

B S
CV CS

S
CS

Ax

Ax

F F F VdV V V dA
t

F V V dA

p A p A F

F p p A

 




= + = + 



= =  =

= − − =

= −

  

 (운동량 변화 없음)

( )

( )

( )AppF

FApAp

AdVVF

AdVVdVV
t

FFF

Ax

Ax

CS
S

CSCV
SB

21

21 0

0

−=

=−−=

===

+



=+=





없음)변화 (운동량 








5.2.2 선형운동량방정식의적용: 곡관유동

Fluid Engineering Lab., Jeonbuk National University

예제 6-8) 물이흐르지 않는경우

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CV에
작용하는

힘

CS에
작용하는

힘

CV의
운동량변화율

CS를통과한
net momentum

변화율

✓Assumptions

1) No friction 

2) No potential head (FB=0)

3) Steady flow

4) Uniform at each section

✓Find : FA (곡관고정에필요한힘)

atmpatmp

1p

atmp

atmp

2p

gp1

gp2

AxF

AyF

atmp

( ) )(0 21 VVAdVVFF
CS

S ====  




x

y

1p

2p

o90=

cmdd 1021 ==

0=Q

AxF

AyF

5.2.2 선형운동량방정식의적용: 곡관유동

2

21 /20 cmkgpp fgg ==

Fluid Engineering Lab., Jeonbuk National University

✓Solution
i) x-dir.

( )
1 1 1

2 2

1 11 11

0

20 / (10 )
4

1570 ( : ( )dir.)

x sx
CS

a Ax

Ax a g f

f

F F V V dA

p A p A F

F p A p A kg cm cm

kg xy

p A





= = 

= − − =

= − = = 

= −

 

ii) y-dir.

( )
2

2

2

2

2 2

2

2 2 2

0

20 / (10 )
4

1570 ( : ( )dir.)

y sy
CS

a elbow fluid A

g

y

Ay a f

f

F F V V dA

p A p A W W F

g

pF p A p A kg cm cm

k xy

A





= = 

= − + − − + =

= − = = 

= +

 

iii) Resultant force (R)

f

AyAx

kg

FFF

3.2220

22

=

+=

x

y

1p

2p

o90=

cmdd 1021 ==

0=Q

AxF

AyF

5.2.2 선형운동량방정식의적용: 곡관유동
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예제 6-9)

( ) ==
CS

S AdVVFF




✓Given:

✓Find: R (유체가곡관에가한힘)

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CV에
작용하는

힘

CS에
작용하는

힘

CV의
운동량변화율

CS를통과한
net momentum

변화율

✓Assumptions

1) No friction 

2) No potential head (FB=0)

3) Steady flow

4) Uniform at each section

smQ

p

kPap

mmd

mmd

o

gage

gage

/425.0

45

?

140

300

,600

3

2

1

2

1

=

=

=

=

=

=


AxF

AyF

x

y

1

1

V

p

2p

o45=

1A

smQ /425.0 3=

2A
2V

5.2.2 선형운동량방정식의적용: 곡관유동

(관내 유체가흐르고
단면적이변할경우)

Fluid Engineering Lab., Jeonbuk National University

P2계산 (gage pressure)

( )

( )

Pa

Pasmmkg

pVV
p

g

V

g

V
p

g

Vp

g

Vp
Cz

g

Vp

5

52223*

1

2

2

2

1
1

2

2

2

1
2

2

22

2

11

2

10213.1

104.1)/(01.6503.1)/(1000
2

1

2

1

22

222

=

+−=

+−=








+







−=

+=+→=++








( )

( )
sm

m

sm
V

sm
m

sm
V

/01.6
3.04/

/425.0

/503.1
6.04/

/425.0

2

3

2

2

3

1

==

==





속도 계산

smQ

mmd

mmd

/425.0

300

,600

3

2

1

=

=

=

AxF
AyF

x

y

1

1

V

p

2p

o45=

1A

smQ /425.0 3=

2A
2V

5.2.2 선형운동량방정식의적용: 곡관유동

Fluid Engineering Lab., Jeonbuk National University

✓Solution
i) x-dir.

( )

( )
( )

( )

)dir.)(:(260,32

)dir.)(:(260,32

)/(503.145cos01.6425.01000

)3.0(
4

10231.1)6.0(
4

104.1

45cos45cos

45cos

45cos)45cos()(

0cos180cos45cos

3

3

*

2525

122211

12

2

2

21

2

1222111

2221112211

+−=−=

−+=

−















−

−=

−−−=

−=

+−=++−=

+=−−=

== 

xyNFR

xyN

sm
s

m

m

kg

mPamPa

VVQApApF

VVQ

AVAVAVVAVV

AVVAVVFApAp

AdVVFF

Axx

o

oo

Ax

o

oo

o

x

o

xAx

o

CS
sxx
















FAX의 초기방향설정이
잘되었음을의미함

AxF
AyF

x

y

1

1

V

p

2p

o45=

1A

smQ /425.0 3=

2A
2V

5.2.2 선형운동량방정식의적용: 곡관유동

Fluid Engineering Lab., Jeonbuk National University

ii) y-dir.

( )

)dir.)(:(958,7

)dir.)(:(958,7

45sin)3.0(
4

)/(01.61000

45sin)3.0(
4

10231.1

45sin45sin

45sin)45sin(

0cos45sin

222

3

*

25

2

2

222

2

2

2222

22222

−−=−=

++=









+

=

+=

=+=

=+−=

== 

xyNFR

xyN

msm
m

kg

mPa

AVApF

AVAVV

AVVFAp

AdVVFF

Ayy

o

o

oo

Ay

oo

o

yAy

o

CS
syy
















FAx의 초기방향설정이
잘 되었음을의미함

AxF
AyF

x

y

1

1

V

p

2p

o45=

1A

smQ /425.0 3=

2A
2V

5.2.2 선형운동량방정식의적용: 곡관유동
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iii) Resultant forces of R

( ) ( )

( ) ( ) N

RRR yx

33227958,732260
22

22

=+=

+=

NRx 260,32=

NRy 958,7−= NR 33227=

87.13
32260

7958
tan 1 −=








−= −



AxR
AyF

x

y

1

1

V

p

2p

o45=

1A

smQ /425.0 3=

2A
2V

5.2.2 선형운동량방정식의적용: 곡관유동

Fluid Engineering Lab., Jeonbuk National University

Example: 관내유동

GIVEN: Water flows through a nozzle attached to the end of a laboratory sink faucet with a

flowrate of 0.6 liter/s. The nozzle inlet and exit diameters are 16 mm and 5 mm and the nozzle

axis is vertical. The mass of the nozzle is 0.1 kg. The pressure at section (1) is 464 kPa (gage).

Example 5.11  Linear Momentum-Weight, Pressure, and Change in Speed

SOLUTION

FIND: Determine the anchoring force required to hold the nozzle in place.

1( ) 1( ) 1( )abs at gm agep p p− = ✓Assumptions

1) No friction

2) Potential head (FB≠0)

3) Steady flow

4) Uniform at each section

( )0/ = t

)mean value(→
✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CS에
작용하는힘

CV 내부의
운동량변화율

CS를통과한
net momentum 변화율

✓Solution

( ) =−+−−=
CS

F

gAz

F

wnz AdVVApFWWF

sB









11

nW wW 11 Ap g

AzF

2( )atmp

z

x

Fluid Engineering Lab., Jeonbuk National University

Example: 관내유동

( ) =−+−−=
CS

F

gAz

F

wnz AdVVApFWWF

sB









11

( )

( ) ( )

( ) 1121

22111121

112

2

21

2

1

11222111

11222111

11222111

11

)()(

)()(

0cos)(180cos)(

0cos180cos

ApWWwwm

VAVAmApWWVVm

ApWWAVAV

ApWWAVVAVV

ApWWAVVAVV

ApWWAVVAVV

ApWWAdVVF

gwn

gwn

gwn

gwn

gwn

oo

gwn

o

z

o

z

gwn
CS

Az

+++−=

==+++−=

+++−+=

+++−+−−=

+++−+−=

++++=

+++= 





















i) z-direction

Fluid Engineering Lab., Jeonbuk National University

Example: 관내유동

2(0.1 )(9.81 / ) 0.981n nW m g kg m s N= = =

2 2

1 2 1 2

2 2

2 2 2

6 3

3 6 3 2

1
( )

12

1 (30 ) (16 ) (5 ) (16 )(5 )

12 (1000 / ) (1000 / )

2.84 10

(999 / )(2.84 10 )(9.81 / ) 0.0278

w w

w

W V g

V h D D D D

mm mm mm mm mm

mm m mm m

m

kg m m m s N







−

−

=

 
= + + 

 
 + + 

=    
  

 = 
 
 

=  =

3 3 3

1 1

3

1 2 2 2 2 2

1 1

3

2 2 2 2 2 2

2 2

(999 / )(0.6 / )(10 / ) 0.599 /

(0.6 / )(10 / )
2.98 /

( / 4) (16 ) / 4(1000 / )

(0.6 / )(10 / )
30.6

( / 4) (5 ) / 4(1000 / )

m w A Q kg m liter s m liter kg s

Q Q liter s m liter
w m s

A D mm mm m

Q Q liter s m liter
w

A D mm mm m

 

 

 

−

−

−

= = = =

= = = =

= = = = /m s

D1

D2

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwifj4j37JbUAhXDq5QKHRbJAOkQjRwIBw&url=http%3A%2F%2Fkoc.chunjae.co.kr%2FDic%2FdicDetail.do%3Fidx%3D33086&psig=AFQjCNFjTUIT0Y9scAfsTTLySODGhQDXgQ&ust=1496207349811227
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Example: 관내유동
( )1 2 1 1

2

2 2 2

(0.599 / )(2.98 / 30.6 / ) 0.981 0.0278

(16 )
(464 )(1000 / )

4(1000 / )

16.5 0.981 0.0278 93.3

77.8

Az n w gF m w w W W p A

kg s m s m s N N

mm
kPa Pa kPa

mm m

N N N N

N



= − + + +

= − + +

+

= − + + +

=

(FAz가 (+)값을 갖는경우: 방향설정이잘되었음, 즉 x-z좌표에서 (+) z방향)

Fluid Engineering Lab., Jeonbuk National University

Example: 곡관유동

GIVEN: Water flows through a horizontal, 180o pipe bend as shown in Fig. E5.12a and illustrated

in Fig. E5.12b. The flow cross-sectional area is constant at a value of 0.01m2 through the bend.

The magnitude of the flow velocity everywhere in the bend is axial and 15 m/s. The absolute

pressures at the entrance and exit of the bend are 207 kPa(abs) and 165 kPa (abs), respectively.

Example 5.12 Linear Momentum- Pressure and Change in Flow Direction

SOLUTION

FIND: Calculate the horizontal(x-y) components of the anchoring force required to hold the bend.

(검사체적은곡관전체를포함)

✓Assumptions

1) No friction

2) Potential head (FB≠0)

3) Steady flow

4) Uniform at each section

( )0/ = t

)mean value(→

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CS에
작용하는힘

CV 내부의
운동량변화율

CS를통과한
net momentum 변화율

✓Solution

( ) =++=
CS

F

ggyAxyx AdVVApApFF

s



  


2211,,

(곡관무게, 곡관내물의무게는 z 방향성분

즉, x-y 방향에서는고려대상이아님)

CV 설정에 유의
게이지압사용

Fluid Engineering Lab., Jeonbuk National University

Example: 곡관유동

 ( ) 0=== 
CS

F

Axx AdVVFF

s




i) x-direction

(x 방향으로들어오고나가는유량이없으므로)

ii) y-direction

( ) =++=
CS

F

ggAyy AdVVApApFF

s



  


2211

( )

( )2211221121

2211222111

2211222111

2211222111

2211

)(

)()(

0cos)(180cos)(

0cos180cos

AVAVmApApVVm

ApApAVVAVV

ApApAVVAVV

ApApAVVAVV

ApApAdVVF

gg

gg

gg

oo

gg

o

y

o

y

gg
CS

Ay











==−−+−=

−−−++−=

−−−++=

−−+=

−−= 







Fluid Engineering Lab., Jeonbuk National University

Example: 곡관유동

1 2

2 2

(150 / )(15 / 15 / )

(207 101 )(0.01 ) (165 101 )(0.01 )

4500 1057 637

6194

gage gage

Ay

p p

Ay

F kg s m s m s

kPa kPa m kPa kPa m

F N N N

N

= − +

− − − −

= − − −

= −

3 2

1 1 1 (1000 / )(0.01 )(15 / ) 150 /m AV kg m m m s kg s= = =

(FAy가 (-)값을 갖는경우: 방향설정이잘못되었음, 즉 x-y좌표에서 (-) y방향)



2022-03-03

13

Fluid Engineering Lab., Jeonbuk National University

Example

GIVEN: Air flows steadily between two cross sections in a long, straight portion of 10 cm inside

diameter pipe as indicated in Fig. E5.13, where the uniformly distributed temperature and

pressure at each cross section are given. If the average air velocity at section (2) is 305 m/s, we

found in Example 5.2 that the average air velocity at section (1) must be 67 m/s. Assume

uniform velocity distributions at sections (1) and (2).

Example 5.13 Linear Momentum- Pressure and Change in speed, and Friction

SOLUTION

FIND: Determine the frictional force exerted by the pipe wall on the airflow between (1)-(2).

✓Assumptions

1) Friction in the pipe

2) No potential head (FB=0)

3) Steady flow

4) Uniform at each section

( )0/ = t

)mean value(→
✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CS에
작용하는힘

CV 내부의
운동량변화율

CS를통과한
net momentum 변화율

✓Solution

( ) =−+−=
CS

F

absabsxx AdVVApApRF

s



  


2211

(abs)(abs)

Rx: 관내벽과 유체 사이의반력 (마찰력)

(유체가 CV에남긴힘)

V1=67 m/s
CV 설정에 유의: 절대압사용

Fluid Engineering Lab., Jeonbuk National University

Example

( ) =−+−=
CS

F

absabsxx AdVVApApRF

s



  


2211

i) x-direction

( )

22121

2122121

2211221112

2211222111

2211222111

2211222111

2211

)()(

)()()(

)()(

)()(

0cos)(180cos)(

0cos180cos

Appuum

AAAppVVmR

AVAVmApApVVm

ApApAVVAVV

ApApAVVAVV

ApApAVVAVV

ApApAdVVR

absabs

absabsx

absabs

absabs

absabs

oo

absabs

o

x

o

x

absabs
CS

x

−+−=

=−+−=

==+−−=

+−+++−=

+−+++=

+−+=

+−=− 





















Fluid Engineering Lab., Jeonbuk National University

Example
2

2 2
2 2

2

2

2 2
2 2 2 2

2

2

,
4

( 286.9 / )
4

(10 )
(305 / ) 4.21 /

(286.9 / . )(

127 (abs)

252 ) 4

p D
A

RT

p D
m A u u R J kg K

RT

cm
m s kg s

J kg K K

kPa









= =

  
= = =   

  

=  =

2(10 )
(690 127 ) 4.31 (305 / 67 / )

4

4422 1002

3420

x

cm
R kPa kPa kg m s m s

N N

N


= − − −

= −

=

관을고정하는데소요되는힘은 ?

(관을포함하도록 CV를설정할경우)

3,420

x x

x a m

atm

t

R F

N F P A

P A− = −

= − +

Fluid Engineering Lab., Jeonbuk National University

Example

GIVEN: Consider the flow of Example 5.4 to be vertically upward as shown by Fig. E5.14.

Example 5.14 Linear Momentum-Weight, Pressure, Friction, and Nonuniform Vel.

SOLUTION

FIND: Develop an expression for the fluid pressure drop that occurs between sections (1) and (2)

✓Assumptions

1) Friction in the pipe

2) Potential head (FB≠0)

3) Steady flow

4) No uniform flow at each section (운동량 수정계수 고려)

( )0/ = t

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CS에
작용하는힘

CV 내부의
운동량변화율

CS를통과한
net momentum 변화율

✓Solution

( )1 1 2 2

s

z z fluid babs a
CS

F

sF R W p A p A V V dA= − − + − =  

CV 설정에 유의
(절대압사용)
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Example
i) z-direction

( )1 1 2 2

s

z z fluid babs a
CS

F

sF R W p A p A V V dA= − − + − =  

( ) 1 1 2 2

1 1 1 2 2 2 1 1 2 2
2

1 1 1 2 2 2 1 1 2 2
2

1 1 1 2 2 2 1
2

cos180 cos0

( ) cos180 ( ) cos0

( ) ( )

z fluid
CS

o o

z z fluid abs abs
A

o o

fluid abs abs
A

fluid a

abs ab

A

sR V V dA W p A p A

V V A V V dA W p A p A

V V A V V dA W p A p A

V V A V V dA W p



 

 

 

− =  + − +

= +  + − +

= + + +  + − +

= − + + +  + −







 1 2 2

1 1 1 2 2 2 1 1 2 2
2

( ) ( )

bs abs

fluid abs abs
A

A p A

w w A w w dA W p A p A 

+

= − + + +  + − +

2
2 2 2

0 0

3 5 2

2
2

2

2 2

1 12 4

2

0

2 12 2

2 (2 ) 2 2 (2 )

(2 ) 1

6

R R

A

R

w w dA rdr rdr
r

w

r r R
w

w

r w
R R

R
   

 

  
−  
  

= =

 
= − + = 

 


  

2

2 12 1
r

w w
R

   
= −        

rdr

Fluid Engineering Lab., Jeonbuk National University

Example

2

2 2
2 2 2 2

2 2 2 1 1 1 1 1

4
2

4

3
)

3
(2 4

6 3A

R R
w w dA w w w R w m   = = = =

2211

)(
3

1

22

1

22

1

2211
2

222111

22
1

3

4
)(

)()(

ApApWRwRw

ApApWdAwwAwwR

absabsfluid

Rw

absabsfluid
A

z

+−++−=

+−++++−=− 

  






( )

( )

( )

1 2

2 2

1 2 1 1

2

1 2 1

1 1

2

1 2 1

1 1

Since  

1

3

1

3

1

3

abs ab

s

e

s z fluid

fluidz

flui

b

gage gag

s

d

a

z

ab

A A

p p A w R R W

WR
p p w

A A

WR
p p w

A A







=

− = + +

− = + +

− = + +

(관 내벽을기준으로 CV를설정할경우)

(관 외벽을기준으로 CV를설정할경우)

Fluid Engineering Lab., Jeonbuk National University

Example
✓운동량수정계수에대한 고려

1) 단면 (1) 에서

2) 단면 (2) 에서

( )
( )

1
1

2

1

1
1

2

1
1

=


=→=


 AV

AdVV
AVAdVV A

A 







( ) ( )

( )
( )

2

2 2

2 2 2 1
1

1

2 2

1

4

3

4
1.333

3

A A

A

V V dA w w dA w R

V V dA

w R

   




 

 = =


= = =

 



(속도의 제곱항이포함되어있어, 

높은 속도에가중치가주어짐)

Fluid Engineering Lab., Jeonbuk National University

Example: 노즐유동

GIVEN: A static thrust stand as sketched in Fig. E5.15 is to be designed for testing a jet engine.

The following conditions are known for a typical test: Intake air velocity = 200 m/s; exhaust gas

velocity = 500 m/s; intake cross-sectional area =1 m2; intake static pressure = -22.5 kPa (abs);

intake static temperature = 268 K; exhaust static pressure= 0 kPa = 101 kPa (abs).

Example 5.15  Linear Momentum-Thrust

SOLUTION

FIND: Estimate the nominal anchoring force for which to design

✓Assumptions

1) Friction in the pipe

2) No potential head (FB=0)

3) Steady flow

4) Uniform at each section

( )0/ = t

✓Basic equations (Momentum eq.)

( ) +



=+=

CSCV
SB AdVVdVV

t
FFF




CS에
작용하는힘

CV 내부의
운동량변화율

CS를통과한
net momentum 변화율✓Solution

( ) =−+=
CS

F

gagegagethx AdVVApApFF

s



  


2211

)mean value(→

CV 설정에 유의: 게이지압사용
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Example: 노즐유동
i) x-direction

( )

( ) )(

)()(

0cos)(180cos)(

0cos180cos

2211221112

2211222111

2211222111

2211222111

2211

AVAVmApApVVm

ApApAVVAVV

ApApAVVAVV

ApApAVVAVV

ApApAdVVF

gagegage

gagegage

gagegage

oo

gagegage

o

x

o

x

gagegage
CS

th











==+−−=

+−+++−=

+−+++=

+−+=

+−= 







skgsmmmkgm

mkg
KKkgJ

kPaPakPa

RT

p

/204/2001/02.1

/02.1
)268()/9.286(

)/1000()5.78(

*23*

3*

1

1
1

==

=



==





x

y

21 AA −

( )

1 1 2 2 1 2

1 1 1 2 2 2

1 1 2 2

( )

( ) ( )

x th atm

th abs atm abs at

e

ab

gag gag

s abs

e

m

th
CS

F F p A p A p A A

F p A p A p A p A

F p A p A V V dA

= + − − −

= + − − −

= + − = 





Fluid Engineering Lab., Jeonbuk National University

Example: 노즐유동

( )

)dir.)(:(700,83

)dir.)(:(700,83

01105.22/200500204

)(

23
*

221112

−=−=

+=

+−−







=

+−−=

xyNFR

xyN

mPasm
s

kg

ApApVVmF

thx

gagegageth


(측정 시험대 (검사체적)를고정하는데소요되는힘)

(엔진에서발생한추진력)

(연소가스가 jet 엔진벽면에가한힘)

(jet 엔진내부벽면이연소가스에가한반발력)

Fluid Engineering Lab., Jeonbuk National University

5.2.2 선형운동량방정식의적용: 이동베인
✓일정속도또는가속(속도변화) 되는검사체적 (변형이없는경우)

•일정속도로움직이는변형없는검사체적: 문제해결이용이 (이동 베인문제) (관성검사체적)

•가속되는변형없는검사체적: 관성에의한겉보기힘을고려(가속로켓문제) (비관성검사체적)

•일정또는가속되는변형검사체적: 문제풀이가어려워짐

✓일정속도(VCV)로움직이는 변형 없는검사체적(CV)

X

Y

x

y

✓일정속도(VCV) 이동, 변형 없는 검사체적(CV)에대한 RTT

•절대속도(V1) 대신상대속도(W)를이용하여얻을수 있음

sys

CV CS sys CV CS

DB D
b dV b dA V dV V dV V dA

Dt t Dt t
V W    

 
= +  → = + 
     

X-Y 좌표계: 절대고정좌표계

x-y 좌표계: 이동좌표계 (=CV 이동속도)

V1 : 절대속도(V1 = W + VCV)

Vo : CV 이동속도(Vo = VCV)

W : 상대속도(CV 에서바라본 V1 속도, W =V1-VCV)

예) 분사속도 V1=30i, 베인이동속도 Vcv=6i

상대속도 W = V1-Vcv = 30i - 6i = 24i

Fluid Engineering Lab., Jeonbuk National University

5.2.2 선형운동량방정식의적용: 이동베인

sys CV CS

D
V dV V dV V

D t
W dA

t
  


= + 
  

(V (절대속도 )= W(상대속도) + VCV)

unsteady term

unsteady term accelerati

( ) ( )

( )

CV CS

CV CV
CV CS

CV CV
CV CS CS

m

CV
CV CV

CV

F V dV V dA
t

V dV V dA
t

V dV dA V dA

W

W W W

W W W W

W

t

dV V dV
t t

 

 

  

 


= + 



= + + + 



= + +  + 


 
= +
 

  

 

  

 

( )

on

CV
CS CS

m

CS

dAW W W

W W

V dA

dA

 



+  + 

= 

 



(운동량시간변화율 = 힘)

(정상, 비압축성유동, 일정속도이동검사체적선형운동량방정식)

(일정속도검사체적)

(비압축성의경우=0)

(검사체적기준상대속도를사용함에유의)

( )
CS

W WF dA=  

CV
CV

CV CV

V
dV a dV

t
 


=

 
(검사체적이가속도를가질때

즉, 비관성검사체적의경우)
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Example: 이동베인

GIVEN: A vane on wheels moves with constant velocity Vo when a stream of water having a

nozzle exit velocity of V1 is turned 45o by the vane as indicated in Fig. E5.17a. Note that this is

the same moving vane considered in Section 4.4.6 earlier. The speed of the water jet leaving the

nozzle is 30 m/s, and the vane is moving to the right with a constant speed of 6 m/s.

Example 5.17 Linear Momentum-Moving Control Volume

SOLUTION

FIND: Determine the magnitude and direction of the force, R, exerted by the stream of water on

the vane surface. (물 제트가베인에가하는힘, R)

x
z

AxF

AzF

0VVCV =o45

24

1 106 mA −=

W
sm /30= sm /6=

✓Assumptions

1) No Friction

2) Potential head (FB≠0)

3) Steady flow

4) Uniform at each section

( )0/ = t

✓Basic equations (Momentum eq.)

)mean value(→

✓Solution

( )
B

s

A
CS

F F

F W F W W dA= − − =  

( )
CS

W WF dA=  

(30 6) / 24 /

CVW V V

m s m s

= −

= − =

x

z
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Example: 이동베인
i) x-direction

( )Axx CS
F F W W dA=− =  

( )

2211

222111

222111

222111

)45cos()(

)45cos()(

0cos)45cos(180cos)(

0cos180cos

mWmW

AWWAWW

AWWAWW

AWWAWW

AdWWF

o

o

ooo

o

x

o

x

CS
Ax







+++−=

+++−=

+++=

+=

=− 









ii) z-direction

( )z Az
CS

F F W W W dA= − =  

( )

WmW

WAWW

WAWWWAWW

WAdWWF

o

o

ooo

z

CS
Az

+++=

+++=

++=++=

+= 

22

222

222222

)45sin(

)45sin(

0cos)45sin(0cos













Fluid Engineering Lab., Jeonbuk National University

Example: 이동베인
According to the assumption of no friction:

21 WW


=

1 1 2(30 6) / 24 /CVW V V m s m s W= − = − = =

222111 mAWAWm  === 

N

msmmkg

AWmWmWmWF

o

ooo

Ax

2.101

)45cos1)(0006.0()/24)(/1000(

)45cos1()45cos1()45cos()(

223

1

2

112211

=

−=

−=−=+−+=













N

NN

mmsmmkgsmmkg

lgAWWmWF

o

oo

Az

61.235

64.197.233

)3.0)(0006.0)(/81.9)(/1000(45sin)/24)(/1000(

45sin)45sin(

22323

1

2

122

=

+=

+=

+=++= 

VlgAW  == 1

NNNFFF AyAx 4.256)6.235()2.101( 2222 =+=+=

((+)값: 좌표설정이잘되었음. x-z 좌표: (-) 방향)

((+)값: 좌표설정이잘되었음. x-z 좌표: (+) 방향)

교과서답오류있음

Fluid Engineering Lab., Jeonbuk National University

Example: 이동베인
o

Ax

Ay

N

N

F

F
75.66

2.101

6.235
tantan 11 === −−

AxF

AzF

o75.66

F


여기서 F는베인(검사체적)을 V0=6m/s의속도로유지하는데필요한힘

분류가베인에가한힘은 F의 반대부호를가짐

NFR Axx 2.101−=−=

NFR Azz 6.235−=−=

xR

zR

o75.66

R


이동하는베인에의해발생하는동력(베인은 x 방향으로이동하고있음에유의)

kWkWWsJsNmsmNVRx 61.0607.0607/607/607/62.101Power 0 ======
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5.2.2 선형운동량방정식의적용
✓It is clear from the preceding examples that a flowing fluid can be forced to

1. change direction (방향변화)

2. speed up or slow down (속도증가또는감소)

3. have a velocity profile change(속도분포의변화)

4. do only some or all of the above (위의일부또는모두변화)

5. do none of the above (위의것중 어느것도변화하지않음) (정미력이작용하지않는경우)

✓Typical forces considered in this book include

(a) Pressure (압력)

(b) Friction (마찰)

(c) Weight (무게)

Fluid Engineering Lab., Jeonbuk National University

PrVmrH

lVmlPM

VmP

lFM

o

t







==

==

=

=

)(momentumAngular 

)( momentum ofMoment 

)( Momentum

)( Force ofMoment (모멘트 = 힘 ⅹ거리)(회전력)

(모멘텀 = 질량 ⅹ속도)(운동량)

(운동량 모멘트 = 운동량 ⅹ거리)

(각운동량 = 거리ⅹ 운동량)

( ) ( )

( ) ( )

t

o MFrFrVmV

dt

Vmd
rVmV

dt

Vmd
rVm

dt

rd

dt

)Vmrd(

dt

Hd

=+=+=

+=

+=


=









00sin

각운동량변화율

질점에작용하는 힘의 모멘트(Torque)

Force(힘)       = 운동량변화율

Torque(토크) = 각운동량변화율

5.2 선형 및 각운동량방정식: 각운동량
✓각운동량의정의(Definition of moment of momentum)

• 각운동량 = 거리(r) x 선형운동량(mV) = 거리(r) x 질량(m) x 속도(V). 벡터량(방향과크기를가짐)

• 운동량 모멘트(Moment of momentum) = 각운동량(angular momentum)

✓각운동량변화율(Rate of change of angular momentum) = 토크(Torque)

Fluid Engineering Lab., Jeonbuk National University

CH
dt

Hd
M

MFr
dt

)Vmrd(

dt

Hd

t

t

=→=→=

==


=







00 if

CPrVmrH ===


5.2 선형 및 각운동량방정식: 각운동량
✓각운동량보존 (Conservation  of angular momentum)

•외부의힘을 받지않는계(system)에서 전체각운동량의합은보존된다.

•외력이작용하지않으면회전하는물체의운동량합은동일하다.

✓Examples of conservation of momentum

Fluid Engineering Lab., Jeonbuk National University

5.2.3 각운동량(운동량모멘트) 방정식유도

( ) particleFVV
Dt

D 
 =

=

=

==

=

r

V

VdVdmVHd

Vddm






)momentum(

)mass(





관성좌표계를기준으로한 입자속도

✓유체입자에대한운동량모멘트(각운동량) 방정식(Newton의제2법칙)

•토크와 각운동량사이의관계를나타내는식

원점에대해양변에모멘트를취하면

( ) particleFrVV
Dt

D
r


 =

관성좌표계원점으로부터유체입자까지위치벡터

 

Dt

VVD
r

Dt

VVD
rVVV

VVV
Dt

rD

Dt

VVD
rVV

Dt

rD
VVr

Dt

D

)(
0

)(

0,,
)(

)(


















+=

+=









==+=

  particleFrVVr
Dt

D 
 = )(

kij

kji

ii

ˆˆˆ

ˆˆˆ

0ˆˆ

−=

+=

=
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5.2.3 각운동량(운동량모멘트) 방정식유도
시스템내 전체유체입자(유체입자집합)에대해적용하면

 = sys
sys

FrVVr
Dt

D
)()(




  particleFrVVr
Dt

D 
 = )(

   









=

=





sysparticle

syssys

FrFr

VVr
Dt

D
VVr

Dt

D

)(

)()(







 (물질도함수는시간의함수)

(유체입자에대한각운동량의합 = 시스템의각운동량)

시스템의
운동량 모멘트의
시간 변화율

시스템에
작용하는

외부 토크의 합

시스템과일치하는검사체적의경우: 시스템에가해지는토크 = 검사체적에가해지는토크

 = CVsys FrFr )()(

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5.2.3 각운동량(운동량모멘트) 방정식유도

( ) +



=

CSCVsys
AdVVrVdVr

t
VdVr

Dt

D 
 )()()(

✓검사체적(Control volume)에 대한 운동량모멘트방정식(Newton의제2법칙)

시스템의
운동량 모멘트의

시간변화율

CV 내부 물질에 대한
운동량 모멘트의

시간변화율

CV의 표면(검사면)을
통한 운동량 모멘트의

정미유동률

✓고정되고변형없는 검사체적(Control volume)에 대한운동량모멘트방정식

( )
 volumecontrol  theofcontent 

)()()(  =+



FrAdVVrVdVr

t CSCV



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5.2.4 운동량모멘트(각운동량)방정식적용
✓Reynolds 수송정리운동량모멘트방정식적용 (각항 계산과정유의)

암기

1) 정상유동(steady flow)의경우 : 0)( =



CV

VdVr
t




2) 1차원 균일유동의경우 : mean value: (평균값으로변환)

( )) (( ) )(
CV CS

dV V V dA r F
t

r V r 


+   = 


 

3) 회전축 성분에대해서만다룬다.

VmrVVr


= )( 에서 가 이루는평면에수직한회전축성분만을고려함.)( Vr



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5.2.4 운동량모멘트(각운동량)방정식적용
✓운동량모멘트방정식적용을위한 검사체적선택

예: 회전살수기
고정되고변형없는검사체적

살수기

검사체적내유동장은주기적, 비정상

그러나평균적으로정상유동

(검사체적으로유입되는유체=각운동량없음)

(절대속도: 고정검사체적에서측정)

(상대속도: 노즐출구에서측정)

(노즐이동속도: 노즐출구에서측정)

살수기회전방향

살수기회전시작용하는토크방향

(유체유입방방)

(회전방향이살수기축에수직: 

고려대상아님)

( ) ( )V W U V W U= + → = −
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5.2.4 운동량모멘트(각운동량)방정식적용
✓Vector cross product와 회전방향

•벡터곱(cross product)은오른손법칙(right-hand rule)을따름: 구동토크의회전방향

Vector Cross Product :

)ˆ(ix

)ˆ( jy

)ˆ(kz




+




+

k̂+

k̂−PrT

FrT




=

=




−

)ˆ(sin kVrVr += 





+

1 2 3

1 2 3

i j k

a b a a a

b b b

 =

yx

z

ji

k
( )+

( )−
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5.2.4 운동량모멘트(각운동량)방정식적용
✓Control surface를통과하는각운동량 플럭스(flux) 및토크 결정

( )
axialCS

axialshaft AdVVrFrT  ==


)()(

( )

( ) ( )
( ) ( )

 

( ) ( )  ( )VAmmmkVrVrm

VCWCCW

mkVrmkVr

AVkVrAVkVr

AVVrAVVr

AdVVrT

oo

CV

o

CV

o

CS
shaft

















===−=

−=+=

+−=

+−=

+=

= 

211122

222111

2222211111

from Outflow

22222

into Inflow

11111

,ˆ

on  based)(),(

ˆˆ)(

ˆ90sinˆ90sin)(

0cos)(180cos)(

)(
















  


  





(축에작용하는토크= 검사체적을고정하는데필요한토크)

1V

2V
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5.2.4 운동량모멘트(각운동량)방정식적용

✓토크(각운동량시간변화율)에의한축동력(shaft power)

•유체에가해지는 동력(power)

)(,

)work,power(,

2222

22

UrmVU

mVr

WWTW shaftshaft

=−=

−=

===

















)/(,22 mWwVUw shaftshaftshaft
=−= 

(단위질량당축동력)

( ) ( )  ( )

( ) )(ˆ

,ˆ

22

211122

CWkVrm

VAmmmkVrVrmTshaft



 

−=

===−=









(그림 5.4 살수기의경우: 유입각운동량없음)

(주의: 살수기회전부회전방향 = CCW, 

살수기회전축에걸리는토크 = CW)

( )
( )







1122

)radus(

)distamce()(

time

Work
)(Power

VrVrm

TrF

r

V
rF

VF
s

lF

s

mNJ
P

−=

==
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=


=


==


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Example: 각운동량(운동량모멘트)

GIVEN: Water enters a rotating lawn sprinkler through its base at the steady rate of 1000 ml/s.

The exit area of each of the two nozzles is 30mm2 and the flow leaving each nozzle is in the

tangential direction. The radius from the axis of rotation to the centerline of each nozzle is

200mm.

Example 5.18  Moment-of-Momentum-Torque

SOLUTION

FIND: (a) Determine the resisting torque required to hold the sprinkler head stationary.

(b) Determine the resisting torque associated with the sprinkler rotating with a constant

speed of 500 rev/min.

(c) Determine the speed of the sprinkler if no resisting torque is applied.

✓Assumptions

1) No friction,   2) No potential head (FB=0)

3) Steady flow, 4) Uniform at each section

✓Basic equations
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✓Solution: resisting torque

Force(힘)       = 운동량변화율

Torque(토크) = 각운동량변화율
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Example: 각운동량(운동량모멘트)
(a) Determine the resisting torque required to hold the sprinkler head stationary.
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(W: 상대속도, 노즐 출구에서측정)

(V : 절대속도, 검사체적에서측정= W)

(U : 노즐이동속도=0)
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Example: 각운동량(운동량모멘트)
(b) Resisting torque associated with the sprinkler rotating with a constant speed of 500rpm.
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(c) Determine the speed of the sprinkler if no resisting torque is applied.
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(W: 상대속도, 노즐출구에서측정)

(V : 절대속도, 고정검사체적에서측정)

(U : 노즐이동속도)
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5.2.4 운동량모멘트(각운동량)방정식적용
✓운동량모멘트(각운동량)방정식의터보기계(turbo machinery: 펌프, 터빈)적용

✓유체에 가해지는축동력 (shaft power): 펌프의 경우
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5.3 The Energy Equation

(에너지 방정식)
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✓일(work)과경로함수(path function)
어떤물체에힘을가해미소변위가생겼을때 힘과미소변위의 dot product으로정의되며,

경로함수(path function) 임
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5.3 에너지방정식-열역학제1법칙
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 =→= QWQW 
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✓일과열의 등가성원리 (Joule의 실험결과)

(싸이클 적분이 0 : 점함수(point function)를의미)

dEWQ += 

✓열역학제 1 법칙 (first law of thermodynamics) : 에너지보존법칙

기계적일공급열량 에너지증가

5.3 에너지방정식-열역학제1법칙
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5.3.1 에너지방정식의유도
✓시스템에대한열역학 제1 법칙
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✓시스템과일치하는검사체적의경우
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✓검사체적(Control volume)에 대한 RTT 에너지방정식(열역학제1법칙)

시스템에 저장되는
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시간 변화율

검사체적에 저장되는
총 에너지 증가율

CV의 표면(검사면)을
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5.3.1 에너지방정식의유도
✓검사체적(Control volume)에 대한 에너지방정식(열역학제1법칙)
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1) 열전달률구성 : 전도, 대류, 복사에 의한 열전달. (+) 유입, (-) 유출
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5.3.1 에너지방정식의유도
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5.3.1 에너지방정식의유도

②

ⓛ

3) 에너지전달률 구성 : 내부, 운동, 위치에너지
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5.3.1 에너지방정식의유도
✓에너지방정식(열역학제1법칙)
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5.3.2 에너지방정식의적용
✓1차원에너지방정식(열역학제1법칙)
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3) 축일이발생하는경우: 비정상유동이지만시간평균개념을적용정상유동으로취급
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✓밀폐계(Closed system)에 대한 열역학제1법칙
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✓개방계(open system)에 대한열역학 제1법칙
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✓관로유동(pipe flow)에대한열역학 제1법칙
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5.3.2 에너지방정식의적용
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5.3.3 에너지방정식과 Bernoulli방정식 비교
✓1차원정상, 비압축성유동에 대한에너지방정식(열역학제1법칙)

• 축일(shaft work)이없는경우
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한 개의 입구및 출구를 갖는 1차원 유동에대해 단위 질량으로다시정리하면

1차원정상, 비압축성, 비점성 유동에 대한 Bernoulli방정식
2 2
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5.3.3 에너지방정식과 Bernoulli방정식 비교

( ) 0out in net
in

u u q− − =

두 방정식의비교로부터 (정상, 비압축성, 비점성유동에 대해) 

점성 유동의경우: ( ) 0out in net
in

u u q− − 

정상, 비압축성, 점성 유동에대한 Bernoulli방정식(손실을고려한 방정식: 수정방정식) 

2 2

2 2

( )
2 2

( )
2 2

( )

loss

loss

out out in in
out in out in net

in

out out in in
out in

out in net
in

p V p V
gz gz u u q

p V p V
gz gz

u u q

 

 

+ + = + + − − −

+ + = + + −

= − −

Bernoulli equation at steady flow state, inviscid flow 

c
2

      c,
2

      c,
2
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




p
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g

V
ph

Vp
gh

V

Fluid Engineering Lab., Jeonbuk National University

5.3.3 에너지방정식과 Bernoulli방정식 비교

2 2

2 2

2 2

2 2

(loss)
2 2

(loss)
2 2

(loss)
2 2

2 2

out out in in
out in shaft

net in

out in
out out in in shaft

net in

out out in in
out in shaft

net in

out out in in
out in s

p V p V
gz gz w

V V
p z p z w

p V p V
z z gw g

g g

p V p V
z z h

g g

 

 
   

 

 

+ + = + + + −

+ + = + + + −

+ + = + + + −

+ + = + + + ,
shaft shaft
net in net in

L s shaft
net in

W W

h h gw
mg Q

 
 

− = = =
 
 
 

✓1차원정상, 비압축성유동에 대한에너지방정식(열역학제1법칙)

hs: 축수두

hL: 수두손실
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5.3.4 비균일유동에에너지방정식적용
✓비균일 유동: 운동에너지수정계수적용

2 22 : kinetic energy coefficient

2 2 2 :mean velocity at section

out in
out in

CS

V VV
dA m

V


  

 
 = −  

  


2

2 2

2

2

2 2 / 2

CS

CS

V
dA

m V V
dA

mV




 


=  → =


운동에너지수정계수: 

✓비균일유동에대한 에너지방정식

2 2

2 2

2 2

(loss)
2 2

(loss)
2 2

(loss)
2 2

out out out in in in
out in shaft

net in

out out in in
out out in in shaft

net in

shaft
net inout out out in in in

out in

p V p V
gz gz w

V V
p z p z w

w
p V p V

z z g
g g g

 

 
   



 

 

 



+ + = + + + −

+ + = + + + −

+ + = + + + −
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5.4 2nd Law of Thermodynamics-

Irreversible flow (비가역유동) 

Fluid Engineering Lab., Jeonbuk National University

Homework #6
✓Problem set for Ch. 5

2, 4, 10, 16, 20, 

26, 30, 38, 40,48,

54, 60, 66, 88, 92

108, 112, 116,132, 134

(20 problems)

제출기한: chapter 5. 시험보기직전


